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Some spherical codes in S2 and their algebraic numbers
Randall L. Rathbun and Wesley J.M. Ridgway
Abstract. The first 195 spherical codes for the global minima of 1-65 points on S2 have been obtained
for 3 types of potentials: logarithmic −log(r), Coulomb −1/r, called the Thomson problem, and the
inverse square law −1/r2, with 77, 38, and 38 digits precision respectively.
It was discovered that certain point sets have embedded polygonal structures, constraining the
points, enabling them to be parameterized and to successfully recover the algebraic polynomial.
So far 49 algebraic number sets have been recovered, but 109 more remain to be recovered from
their 1,622 parameters, 983 known to 50,014 digit precision. The very high algebraic degree of these
minimal polynomials eludes finding the algebraic numbers from the spherical codes and requires new
mathematical tools to meet this challenge.
1. Energy Minimization of Points on a Sphere
1.1. Introduction. The distribution of points on the S2 sphere is considered so important a math-
ematical problem that Steve Smale made it unsolved problem #7 on his list[34, 59] of mathematical
problems for the 21st century.
While extensive literature[1-58] exists on optimizing spherical codes in S2 under various constraints,
such as energy minimization for a given potential, very little has been published[27] regarding the
algebraic numbers of the global minima.
It was decided to take a 3-prong approach to obtain these numbers by using two computer algorithms,
percolating annealing, and gradient descent, in order to obtain high precision E3 real numbers for the
coordinates, and then utilizing certain polygon structures embedded in the cluster, to parameterize the
configuration, then use a Jacobian matrix of these parameters to successfully recover the spherical code
if possible, from the very high precision values (50,014 digits). As a final check, a Hessian matrix was
run on the configuration to verify that a global minima had been reached.
1.2. Point Set on Unit Sphere. Let ~x be a unit vector in R3 with real coordinates ~x1..3 ∈ R such
that |x| = 1, thus the point x is on the unit sphere S2. We define a point set of size n as
(1) Pn = {x1, x2, ...xn}
1.3. Potentials. We seek to minimize the energy under a potential. We need to consider the distance
between a point pair first.
Let d = |xi − xj | be the Euclidean distance d between the two points xi and xj(i 6= j). We define the
potential as a force depending upon a function of the distance d. The potentials considered are
Logarithmic Potential
(2) Plog = −log(d) (d 6= 0)
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Coulomb Potential
(3) P 1
r
=
1
d
(d 6= 0)
Inverse Square Law
(4) P 1
r2
=
1
d2
(d 6= 0)
1.4. Riesz-s kernel. It is important to point out that the 3 potentials considered are 3 cases of the
Reisz-s kernel defined as
(5) Ks(x, y) =
1
|x− y|s for s > 0 and Klog(x, y) = log
1
|x− y|
for s = 1, 2 and the log case. Again |x− y| 6= 0.
1.5. Energy Minimization. The goal is to find the minimal energy for a point set Pn under these
potentials. For the logarithmic potential we have:
(6) Elog(n) = −
n∑
i 6=j
log(|~xi − ~xj |)
For the Coulomb potential we have:
(7) E 1
r
(n) =
n∑
i 6=j
1
|~xi − ~xj |
This energy minimization is the one considered in the Thomson problem.
For the inverse square law we have:
(8) E 1
r2
(n) =
n∑
i 6=j
1
|~xi − ~xj |2
2. Computational Algorithms to find minimal energy
It was decided that the way to find the minimal solutions was to use a computational program to
actually search out an optimal Pn configuration starting with a known configuration of points.
2.1. Exhaustive search. In the exhaustive search approach, each point position is carefully perturbed
in a controlled manner, for all n points, and after each perturbation of all points, the energy was
determined. If a lower value of energy was found, the minimal energy positions were recorded, then used
as the starting place for another search. This search continues until the desired precision is reached.
Exhaustive Search Algorithm:
po in t s type pts ; /∗ predetermined po int s e t ∗/
mpf c l a s s s c a l e = 1 .0 e−1
mpf c l a s s f i n a l p r e c i s i o n = 1 .0 e−40;
bool done = f a l s e ;
bool found = f a l s e ;
po in t s type qpts = pts ;
whi l e ( ! done ) ; do {
found = f a l s e ;
f o r ( i n t i =\−10; i <=10; i++) {
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qpts [ i ] = s c a l e ∗ i + pts [ 0 ] ;
f o r ( i n t j =−10; j<=10; j++) {
qpts [ j ] = s c a l e ∗ j + pts [ 1 ] ;
f o r ( i n t k=−10; k<=10; k++) {
qpts [ k ] = s c a l e ∗k + pts [ 2 ] ;
[ etc , sub ne s t i ng loops f o r a l l n po in t s ]
mp f c l a s s d i f f = energy ( law , qpts ) − energy ( law , pts ) ;
i f ( d i f f < 0) {
pts = qpts ;
found = true ;
}
}
}
}
i f ( found ) {
s c a l e /= 10 ; /∗ advance to the next decade ∗/
}
i f ( d i f f < f i n a l p r e c i s i o n ) { done = true ; }
}
s t o r e ( pts ) ;
It can be seen that this exhaustive algorithm will indeed find the global minima, but the order of the
searching is On which grows exponentially in size as n increases. The algorithm becomes too cumbersome
and inefficient, even for moderate sizes of n points.
This approach was abandoned and two more efficient approaches were tried.
2.2. Percolating Annealing. The main idea of this algorithm is to add random changes to the coordi-
nates of the points, test for a lower minimum, but keep trying until no more lower energy configurations
were found. Then the scaling factor ”scaling” would be decreased by a ratio, and the algorithm re-
peated again, ad infinitum, until the desired accuracy was found. The original value of scaling is found
manually to start the algorith off, depending upon the initial accuracy of the starting point set.
Percolating Annealing Algorithm:
p e r c o l a t i n g a n n e a l ( po in t s type P) {
const i n t t o t a l p a s s e s = 100000;
mp f c l a s s s c a l i n g = 1 .0 e−1;
mpf c l a s s f i n a l p r e c i s i o n = 1 .0 e−44;
po in t s type Q = P;
bool found = f a l s e ;
bool done = f a l s e
whi l e ( ! done ) ; do {
f o r ( i n t pas s e s = 0 ; pas s e s < t o t a l p a s s e s ; pa s s e s +=1;) {
Q = j i g g l e ( s c a l i n g ,P) ;
d i f f = energy ( law ,Q) − energy ( law ,P)
i f ( d i f f < 0) {
P = Q;
found = true ;
}
}
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i f ( found ) {
s c a l i n g ∗= 0 . 8 ; /∗ dec rea se the s c a l i n g f a c t o r ∗/
}
i f ( d i f f < f i n a l p r e c i s i o n ) {
done = true ;
}
}
re turn (P) ;
}
Q=Jiggle(scaling,P) is a function call that takes the current scaling value and points and slightly
randomly jiggles each point to obtain Q. Its net effect is to slightly jostle (boil) the points, in hopes of
finding a lower energy value set. The amount of variation in the jiggle is v = scaling ∗ random() where
−1 ≤ random() ≤ +1. Each x, y, z coordinate in a point is randomly varied, for all n points.
Please notice that if no lower energy configuration is found during the first 100,000 passes, it repeats
again in hopes of finding a lower energy configuration. This is similar to percolating coffee on the stove,
hence the term percolating annealing. This algorithm can lock up if no lower energy is found, but that
only indicates that a local minimum has already been reached.
2.3. A comment on isometric equivalency. An isometry is a mapping transform which preserves
distances in the object. Since the Gram matrix is uniquely determined by every possible dot-product
pair in the object, then two objects are considered geometrically equivalent if their Gram matrix is
equivalent.
(9) If Gram(P ) = Gram(Q) then isometry(P ) = Q
i.e., an isometric mapping can be found to map the coordinates of one object to the other and vice-versa.
To test that this percolating annealing algorithm was finding at least a local minimum, 5 different
clusters of 19 points were created, and using s = 1 or Coulomb repulsion, the same isometries of points
were obtained to 57 digits (energy to 54 digits) indicating that the same (global) minimum had been
reached in each case.
This checking was repeated for other n-points sets, and in every case, the same energy minimum was
found for a set, and double-checking the Gram matrix of the point set, an isometric configuration had
been found each time.
2.4. A comment on the scaling ratio decrease of 0.8. The ability of this algorithm to detect the
global minimum depends critically on the scaling ratio (0.8) which was found by numerical simulations.
Too small a value would indicate violent boiling, thus possibly missing a true global minimum, but too
large a value would simmer the points, taking an excessive amount of time to find the global minimum.
Some point clusters took much time to converge, 53 points and 36 points, in particular, took several
weeks to settle down to their minimum energy value to 38 digits accuracy.
2.5. Gradient Descent. Let the force fi(s) on a point Pi be defined as
(10) Fi(s) =
n∑
i 6=j
∇i 1|Pj − Pi|s s > 0 or Fi(s) =
n∑
i 6=j
∇ilog( 1|Pj − Pi| ) s = 0
where s is the Riesz-s kernel parameter or force law. ∇i is the gradient operator at point i.
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The force fi(s) on each point has 2 components, one is normal to the S2 unit sphere at the point, the
other one is tangential and it is the one we are interested in.
(11) ~F (i) = ~FN (i) + ~FT (i)
The gradient operator upon a point Pi is defined as the tangential component of the derivative of the
force upon the point.
(12) ∇i = d(Fi)
ds T
Descent Algorithm:
descent ( po in t s type P) {
po in t s type Q;
unsigned long s i z e = P. s i z e ( ) ;
double alpha = 0 .5 / ( double ) s i z e ;
f o r ( unsigned long i = 0 ; i < s i z e ; i++) {
coo rd ina t e type F = f o r c e ( power−1,P, i ) ; /∗ d e r i v a t i v e ∗/
coo rd ina t e type T = tangent ia l component (P[ i ] ,F ) ;
c oo rd ina t e type R = P[ i ] + alpha ∗T;
coo rd ina t e type S = u n i t v e c t o r (R) ;
Q[ i ] = S
}
re turn (Q)
}
We notice that derivative of force is the typical one taught in college, for example for s = 1 we have
(13)
d( 1s )
ds
= − 1
s2
similarly for all s > 0, while for the log condition we have
(14)
d(log(s)
ds
=
1
s
hence the appearance of force(power-1,P,i) in the descent procedure listed above, to find the gradient
∇i for a point under the s potential condition.
The α factor of 0.5 was found by experimentation to be the typical factor to slightly diminish the
tangential force fT contribution when finding the newer point Qi = ||Pi + αTi||. Once or twice, it was
found necessary to adjust the α value to around 0.1 or so, in order to proceed on the descent, as lock
up would occur with the 0.5 value.
2.6. Why 2 algorithms? The reason for 2 algorithms is simple, each is a check upon the other. After
obtaining a point set for n, the alternate algorithm was used to double-check the results by comparing
the minimal energy values.
In every case, both converged to the same isometric configuration of points and returned the same
energy value to within the precision of the points (often 38 - 115 digits).
3. The Gram Matrix of the point set Pn
The Gram matrix is defined as
(15) G = V TV
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where ~V is a n× n matrix whose columns are the coordinates of the points. This means that G
(16) Gij = Vi • Vj
is the matrix of dot products of the vectors of the point set.
It is important to recognize that the Gram matrix G is the unique signature of the point set, and can
be used to identity identical point sets, though an isometry mapping, to within limits of precision.
Furthermore, the Gram matrix G will be algebraic numbers for points on the unit sphere S2, provided
that at least 1 point of the set has been embedded into algebraic coordinates, either rational Q or
algebraic A.
3.1. Coordinates for the spherical code instead of the Gram Matrix. While it could have been
proper to only give the Gram matrix G for a point set as the unique signature of a global minimal
configuration, it was decided to deal with the coordinates of a configuration instead, in order to obtain
a spherical code, because an SVD matrix decomposition to very high precision 2n digits is needed to
successfully recover the coordinates into algebraic numbers of precision n digits.
4. Embedded geometric structures
It was soon discovered during the early part of the search phase, that optimal placing of the points
for the minimal energy often led to a configuration of some of the points being on certain 2d planes as
polygons.
Often these polygons would be oriented along a normal of a plane and would give a strong hint on
how to rotate and orient the minimal set into the ”best” orientation.
While any 3 points of a point set are most certainly located upon a 2d triangle, not every triad was
considered when looking for embedded geometric structures.
Consider the case of 5 points given in the figure 1 below. It is easy to see that 2 of the points are
Figure 1. 5 points.
poles, while the other 3 points are located on the equator. They are the vertices of an equilateral triangle
shown in yellow.
Similarly for other point sets, alignments of polygons did occur, and rotations were employed in order
to successfully recover the spherical code.
5. Using the Jacobian matrix of the parameters
After discovering the embedded polygons for a particular point set, it was possible to derive an
expression for the points utilizing parameters.
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5.1. Parameterizing a configuration. Consider the following, suppose that the configuration con-
tained an embedded equilateral triangle. The following equation gives the algebraic coordinates of an
equilateral triangle at different heights n (algebraic) along the z-axis for the point set.
(17) a =
√
1− n2 ; 4(n) = [a, 0, n],
[
−a
2
, a
√
3
2
, n
]
,
[
−a
2
,−a
√
3
2
, n
]
A point set would be carefully examined, and then the positions of the coordinates would be expressed
as a function of the needed parameters to express the embedded polygons found.
For example, the search for 27 points was optimized into two pole points and 5 pentagons at different
heights along the pole axis. Thus it initially took 5 parameters to express this polyhedron
Actually, due to balance required for minimal energy, it was discovered that the 5 parameters dropped
to just 2 with the 5 pentagons at levels [a, b, 0,−b,−a] along the pole axis.
This parametric equation for the 27-point set under the 1/r2 law is given:
P1 = [ 0, 0, 1 ]
P2 =
[√
1− a2, 0, a
]
P3 =
[√
5− 1
4
√
1− a2,
√
10 + 2
√
5
4
√
1− a2, a
]
P4 =
[
−
√
5 + 1
4
√
1− a2,
√
10− 2√5
4
√
1− a2, a
]
P5 =
[
−
√
5 + 1
4
√
1− a2, −
√
10− 2√5
4
√
1− a2, a
]
P6 =
[√
5− 1
4
√
1− a2, −
√
10 + 2
√
5
4
√
1− a2, a
]
P7 =
[
−
√
1− b2, 0, b
]
P8 =
[
−
√
5− 1
4
√
1− b2, −
√
10 + 2
√
5
4
√
1− b2, b
]
P9 =
[√
5 + 1
4
√
1− b2, −
√
10− 2√5
4
√
1− b2, b
]
P10 =
[√
5 + 1
4
√
1− b2,
√
10− 2√5
4
√
1− b2, b
]
P11 =
[
−
√
5− 1
4
√
1− b2,
√
10 + 2
√
5
4
√
1− b2, b
]
P12 = [ 1, 0, 0 ]
P13 =
[√
5− 1
4
,
√
10 + 2
√
5
4
, 0
]
P14 =
[
−
√
5 + 1
4
,
√
10− 2√5
4
, 0
]
P15 =
[
−
√
5 + 1
4
, −
√
10− 2√5
4
, 0
]
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P16 =
[√
5− 1
4
, −
√
10 + 2
√
5
4
, 0
]
P17 =
[
−
√
1− b2, 0, −b
]
P18 =
[
−
√
5− 1
4
√
1− b2, −
√
10 + 2
√
5
4
√
1− b2, −b
]
P19 =
[√
5 + 1
4
√
1− b2, −
√
10− 2√5
4
√
1− b2, −b
]
P20 =
[√
5 + 1
4
√
1− b2,
√
10− 2√5
4
√
1− b2, −b
]
P21 =
[
−
√
5− 1
4
√
1− b2,
√
10 + 2
√
5
4
√
1− b2, −b
]
P22 =
[√
1− a2, 0, −a
]
P23 =
[√
5− 1
4
√
1− a2,
√
10 + 2
√
5
4
√
1− a2, −a
]
P24 =
[
−
√
5 + 1
4
√
1− a2,
√
10− 2√5
4
√
1− a2, −a
]
P25 =
[
−
√
5 + 1
4
√
1− a2, −
√
10− 2√5
4
√
1− a2, −a
]
P26 =
[√
5− 1
4
√
1− a2, −
√
10 + 2
√
5
4
√
1− a2, −a
]
P27 = [ 0, 0, −1 ]
It can be quickly seen that if a, b ∈ A are algebraic, then we have the spherical code for 27 points under
the 1r2 potential.
Letting the search programs run for awhile and then checking the configuration of points led to the
discovery of the embedded polygons and enabled a parameterization to be created for many of the point
sets, but not all of them.
5.2. Constraints upon points. We come to a critical part of the global minimal search. After obtain-
ing a parameterization, such as the one given for 27 points 1r2 above, how can the energy be minimized?
This was done by setting up a Jacobian matrix for the parameters under the force law, and using the
Newton approximation to derive ultra-high precision (50,014 digits) solution so that the spherical code
can be successfully recovered.
Using the parameters a, b, c, . . . then let the first derivatives of the energy function E(Pn, r) for n
points be collected as a vector function
(18) V (a, b, c, . . . ) =
[
dE
da
,
dE
db
,
dE
dc
, . . .
]
for parameters a, b, c, . . . then the Jacobian is defined as:
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(19) J(p)a,b,c,... =

∂( dEda )
∂a
∂( dEda )
∂b
∂( dEda )
∂c . . .
∂( dEdb )
∂a
∂( dEdb )
∂b
∂( dEdb )
∂c . . .
∂( dEdc )
∂a
∂( dEdc )
∂b
∂( dEdc )
∂c . . .
...
...
...
. . .

5.3. Newton’s method. Newton’s method is used to converge quadratically to the desired precision
to constrain the points.
Repeatedly solve the matrix equation MX=B for the incremental h, if given an initial V0
Jp h = −V Ti
Vi+1 = Vi + h
(20)
until the desired precision (50,014 digits) is reached.
Once the desired precision was obtained, an adaption of the arbitrary precision GP-Pari number
theory calculator command algdep(n, d) was used in an attempt to find the correct algebraic polynomial
of degree d, the spherical code.
6. Hessian matrix check on the global minimum
Having found at least the local minimum, it is still necessary to check the Hessian matrix to ensure
that the global minimum has actually been found.
The Hessian matrix is defined as
(21) H(a, b, c, . . . ) =

∂2E
∂a2
∂2E
∂a∂b
∂2E
∂a∂c . . .
∂2E
∂a∂b
∂2E
∂b2
∂2E
∂b∂c . . .
∂2E
∂a∂c
∂2E
∂b∂c
∂2E
∂c2 . . .
...
...
...
. . .

For a global minimum to occur, all the eigenvalues of the Hessian matrix must be positive or zero. It was
discovered by checking the actual matrices, using the GP-Pari mateigen() command to find both the
eigenvalues and eigenvectors, that the first 3 values of the eigenvalues were 0 and the next were positive,
thus confirming that the Hessian matrix is positive-definite. The first 3 values of 0 are probably due to
the fact that an infinite number of 3d isometry maps exist which are rotations or reflections of a point
set.
The Hessian check was used both for points found by a spherical code and points found by direct
searching, using either percolating annealing or descent algorithms, in order to double check the global
minimum point configuration.
We used Maple to symbolically compute the Hessian[4], and the eigenvalues thereof, up to the desired
accuracy(digits) of the point set.
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7. Alignments and Gram matrix
Carefully checking the polygon alignments along a common normal of a plane enabled the preferred
orientation axis to be discovered and exploited for parameterizing the polyhedron.
When the Gram matrix was obtained, the components did show evidence of groups. However, in pur-
suing the spherical code, it was decided to work with the coordinates of the points, not the Gram matrix
itself, due to the difficulty of recovering the coordinates accurately from the SVD matrix decomposition
in an algebraic form which requires 2n precision due to the square root operation inside the algorithm.
In the solutions for points 1-65, the aligned planes, the Gram matrix groups, and the polygons are
listed. A pictorial figure is also provided.
8. Spherical codes and Algebraic Numbers
The question is asked, how do we know that the spherical codes found represent an algebraic number?
First of all, the spherical code is a solution of the energy equations (6), (7), or (8) which are rational
polynomials for the 1/r and 1/r2 potentials, and we can take the antilog of the log potential to recover
the rational polynomial for the log potential, since a summation of logs is equivalent to a product, then
the summation is also an algebraic number, since an algebraic field is closed for the 4 types of common
arithmetic operators (+,-,*,/) by definition.
Secondly, when using the algdep(n,deg) command of GP-Pari, it was noticed that when the precision of
solution was increased, that at a certain point the integer coefficients for the algebraic number suddenly
”snapped into place” or dropped in size and also the powers of the polynomial usually became even,
strongly hinting that the correct characteristic polynomial had been located.
Thirdly, once a characteristic polynomial was found, a few runs of increasing precision found that the
spherical code stayed strictly on the S2 unit sphere, which the code must, if a true solution actually
was found. Similarly the algebraic number for the energy was checked by increasing the precision of the
spherical code to see if they matched.
In this paper, where the algebraic number is given, that result has been checked. Where the spherical
codes exist, to 50,014 digits of accuracy, it is asserted that they represent an algebraic number of degree
> 360 (in some cases, > 480).
In all cases where the algebraic number was found, the assertion that the spherical code was algebraic
has been shown to be true.
It is strongly conjectured that all spherical codes in the Current Status of Unknown Parameters section
are algebraic, but current mathematical tools are unable to uncover the high degree of the polynomial
(> 360) in a reasonable time. It is hoped that further progress will resolve these unknown parameters
for the global minima solutions and successfully resolve the algebraic numbers.
9. Globally optimal results
A configuration of the global minimal solution for points 1 - 65 on the unit sphere S2 is provided for
the 3 types of potentials, logarithmic, Coulomb 1/r, and inverse square 1/r2.
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If an algebraic solution exists, the configuration has been rotated (often twice) into a preferred orien-
tation.
For points found under the log potential, the accuracy of their coordinates is 77 digits (often 80). For
points found under the 1/r or 1/r2 potential, the accuracy is 38 digits (often 40).
For algebraic solutions, or its spherical code, the accuracy is unlimited.
The minimal energy found by these solutions has been compared to those discovered by Ridgway and
Cheviakov[4] and the results match for all 195 configurations to within 4.94707e-08.
Important Note on the Coulomb or J. J. Thomson Problem[54] solutions -
• The solutions for the Coulomb or 1/r solutions are improvements of Neil J.A. Sloane’s ”Spherical
codes for minimal energy” database[60]. They have improved his 12 digits accuracy to at least
38 digits accuracy. His putative solutions are the global minimum, as found out in Ridgway &
Cheviakov[4] and here, for points 1 to 65 inclusive.
9.1. Comment on Points 1 to 8. Points of size 1 to 8 have had their globally optimal configurations
determined and known, in some cases for hundred of years, such as 3, 4 or 6 points. The solutions are
the equilateral triangle, the tetrahedron, and octahedron, and the last 2 are Platonic solids.
The global solution for 5 points has only been recently proven[48][53].
The solutions for 7 and 8 points are relatively new.
It must be noted that the solution for 8 points is NOT the cube in figure 2, despite the common
assumption. It is the square antiprism shown in figure 3 which has the lowest energy value for 8 points
on S2 for all 3 potentials. One face is rotated 45◦ with respect to the parallel face as shown in yellow
outlines in both figures.
Figure 2. Cube. Figure 3. Square antiprism.
9.2. 1 point. The optimal solution for 1 point is trivial. Since only 1 point is involved, there is no
minimal energy.
Figure 4. 1 point.
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Spherical code
pt x y z
1 1 0 0
Symmetries - 1 point Minimal Energy
planes [] log 0
Gram groups [[1, 1]] 1/r 0
Polygons [] 1/r2 0
9.3. 2 points. The optimal solution for 2 points is on the diameter.
Figure 5. 2 points.
Spherical code
pt x y z
1 1 0 0
2 -1 0 0
Symmetries - 2 points Minimal Energy
planes [] log −log(2)
Gram groups [[2, 2]] 1/r 1/2
Polygons [] 1/r2 1/4
9.4. 3 points. The optimal solution for 3 points is an equilateral triangle, with the triangle along the
equator.
Figure 6. 3 points.
Spherical code
pt x y z
1 1 0 0
2 −1/2 √3/2 0
3 −1/2 −√3/2 0
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Symmetries - 3 points Minimal Energy
planes [] log −log(27)/2
Gram groups [[3, 1], [6, 1]] 1/r
√
3
Polygons [] 1/r2 1
9.5. 4 points. The optimal solution for 4 points is the tetrahedron with vertices on the S2 sphere.
Figure 7. 4 points.
Spherical code
pt x y z
1 0 0 1
2 2
√
2
3 0 − 13
3 −
√
2
3
√
2
3 − 13
4 −
√
2
3 −
√
2
3 − 13
Symmetries - 4 points Minimal Energy
planes [] log log(27/512)
Gram groups [[4, 1], [12, 1]] 1/r 3
√
6
2
Polygons [] 1/r2 9/4
9.6. 5 points. The optimal solution for 5 points is an equilateral triangle on the equator and the two
poles, north and south, the triangular bipyramid. Ron Schwartz proved[48] that this configuration
was optimal for the Coulomb potential and inverse square law potential. Searching for the logarithmic
potential also showed this to be true.
Figure 8. 5 points.
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Spherical code
pt x y z
1 0 0 1
2 1 0 0
3 − 12
√
3
2 0
4 − 12 −
√
3
2 0
5 0 0 -1
Symmetries - 5 points Minimal Energy
planes [1,1] log − log(6912)2
Gram groups [[2, 1], [5, 1], [6, 1], [12, 1]] 1/r
6.474691494688162439. . . a root of
16x4 − 32x3 − 648x2 + 664x+ 3433
Polygons [3,1] 1/r2 17/4
9.7. 6 points. The optimal solution for 6 points is an octahedron. A good alignment for this figure is
along the coordinate axis.
Figure 9. 6 points.
Spherical code
pt x y z
1 0 0 1
2 1 0 0
3 -1 0 0
4 0 1 0
5 0 -1 0
6 0 0 -1
Symmetries - 6 points Minimal Energy
planes [[2, 4], [4, 3]] log −log(512)
Gram groups [[6, 2], [24, 1]] 1/r 32 + 6
√
2
Polygons [[3, 8], [4, 3]] 1/r2 27/4
9.8. 7 points. The optimal solution for 7 points is a pentagon at the equator and two poles, or the
pentagonal bipyramid. The minimal energy codes are given.
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Figure 10. 7 points.
Spherical code – 7 points
pt x y z
1 0 0 1
2 0 1 0
3 −
√
10+2
√
5
4
√
5−1)
4 0
4 −
√
10−2√5
4 −
√
5+1)
4 0
5
√
10−2√5
4 −
√
5+1)
4 0
6
√
10+2
√
5
4
√
5−1)
4 0
7 0 0 -1
Symmetries - 7 points Minimal Energy
planes [[10, 1]] log − log(12800000)2
Gram groups [[2, 1], [7, 1], [10, 2], [20, 1]] 1/r
14.45297741422134293. . . a root of
256x8 − 1024x7 − 75008x6 + 228608x5
+5537120x4 − 11456448x3 − 103335888x2
+109102384x− 23637199
Polygons [[5, 1]] 1/r2 41/4
9.9. 8 points. The optimal solution for 8 points is the square antiprism, or a cube with one face twisted
45 degrees with respect of the opposite face. It is not a cube, contrary to popular belief.
Figure 11. 8 points.
The 8 coordinates of the points for the global minimum are all different under the 3 potentials, but
the spherical code can be easily expressed as a function of one algebraic parameter a and two derived
parameters b =
√
1−a2
2 and c =
√
1− a2.
The parametric expression for 8 points is listed:
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Spherical code
pt x y z
1 a b b
2 a b −b
3 a −b b
4 a −b −b
5 −a 0 c
6 −a c 0
7 −a 0 −c
8 −a −c 0
We express the a parameter and energy as algebraic numbers as follows:
logarithmic potential -
a = 0.5646169639331753669 . . . a root of 7x4 + 26x2 − 9
energy = log
(
3114459466
√
58 + 23719027063
1603087953297408
)
Coulomb 1/r potential -
a = 0.5604367652904311982 . . . a root of 1227233x48 + 10470984x46 + 209556948x44
+ 1689426104x42 + 15775473090x40 + 115047892248x38 + 620026175876x36
+ 2363468454888x34 + 6203218661391x32 + 11155824048720x30
+ 15270599090856x28 + 21228525244848x26 + 33209646716572x24
+ 31438858405296x22 + 12676840005288x20 + 27288086224464x18
+ 32464672800015x16 − 71697151292952x14 + 119763272586116x12
− 143004483949800x10 + 112981931600322x8 − 72347775538504x6
+ 32198152383444x4 − 7663346651064x2 + 712364630753
energy = 19.67528786123276226 . . . a root of x48 − 1008x46 + 403128x44 − 87692448x42
+ 12008348040x40 − 1120658189376x38 + 74545764373344x36
− 3606531729475968x34 + 129269831646915312x32 − 4164949576246842880x30
+ 141942516961279104768x28 − 6079710008497542226944x26
+ 171029843453720580773632x24 − 10734215529571167885035520x22
+ 119485611963873574006938624x20 − 7158961249326434415489593344x18
+ 223410229304763643888886542080x16 + 1665579124457906626567818989568x14
+ 360289207228162192431513880221696x12
+ 4138484064890644161343737472278528x10
+ 152548694458573411883645969649469440x8
+ 1581691619429822432587864824950079488x6
+ 6289231802234486775557087083681996800x4
+ 12513023795837806250674990759664713728x2
+ 16204114268229804228795137561699028992
Inverse square law 1/r2 potential -
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a = 0.5563309621802899475 . . . a root of 11x8 − 60x6 − 158x4 − 188x2 + 75
energy = 14.33679108359450163 . . . a root of 64x4 − 1408x3 + 8144x2 − 16432x+ 6897
The group symmetries and Gram matrix groups for the 8 points are identical for all 3 potentials.
Symmetries -
Symmetries - 8 points
planes [[4, 8], [8, 1]]
Gram groups [[8, 2], [16, 3]]
Polygons [[4, 10]]
9.10. 9 points. The optimal solution for 9 points has 3 embedded equilateral triangles aligned along a
common axis, the middle triangle is rotated 180◦ with respect to the other 2. This is shown in figure
12 below. Like the optimal 8-point solution, the global solutions for 9 points, under all 3 potentials, are
Figure 12. 9 points.
determinable from one algebraic parameter a.
Table 1. Spherical code for 9 points
pt x y z
1 0
√
1− a2 a
2
√
3
2
√
1− a2 −
√
1−a2
2 a
3 −
√
3
2
√
1− a2 −
√
1−a2
2 a
4 0 −1 0
5
√
3
2
1
2 0
6 −
√
3
2
1
2 0
7 0
√
1− a2 −a
8
√
3
2
√
1− a2 −
√
1−a2
2 −a
9 −
√
3
2
√
1− a2 −
√
1−a2
2 −a
Again we express the a parameter and energy as algebraic numbers as follows:
logarithmic potential -
a = 0.7031106068430678248 . . . a root of 64x8 + 105x6 − 87x4 − 45x2 + 27
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energy = −12.88775272575927896 . . . log(a root of 38311009236316727915402195098082798279121/
16073449381704719530872738340965868632806598377472x8 − 943440073904807815958/
67136200068986103420023732084394928240591343540991466405888x6 − 187182785938/
03854967001728213902036260549626384901267496901275549696x4 + 297604557206794/
7154685831689083848055683186077146195085747x2 + 5444517870735015415413993718/
908291383296)
Coulomb 1/r potential - Special Note: The algebraic number a for the 1/r Coulomb potential is
degree 208. The Maxima program, when creating the Jacobians, indeed shows this exponential increase
due to the pairing of vertices in the distance function, which increases as 2n. This makes finding the
spherical codes for n > 50 very difficult.
a = 0.7036483958041317758 . . . a root of
5227573613485916806405226496x208
− 202492098767053611550667833344x206
+ 1635712891968416454830997356544x204
+ 16396822731607253984747139784704x202
+ 193015835879039113070530950538752x200
− 12740560120959318844079308513602048x198
+ 66065492671088058986802507829937088x196
+ 1282498725954877734448708630566514848x194
− 2666472074456316879582985542457095455x192
− 163740764791297575959260674167115526560x190
+ 1841697492573886723673740348130760851760x188
− 8753150354792477208666776190919886368032x186
+ 35831730265780789420875186338849301572040x184
− 418511150503375126753022400479683759736736x182
+ 4723504967176370835104259160065678571230672x180
− 32896125445825134349104369238966235831958432x178
+ 160250395374898385556443296103966472162186996x176
− 777210588907367878918618525113530436484946208x174
+ 5176086281012420705340086488834699674179439408x172
− 35552759164704704283191811880888377104290509984x170
+ 189526330881341940897249634575046057994136907128x168
− 722623783766351451872044447499678949493274213664x166
+ 1850803721338323365546008024433094520683517724880x164
− 2577173145419445019237889952625679507466949498464x162
− 425041937830163455053965077556698888986767539422x160
+ 5370230173271408315640214033457807427976515499680x158
+ 21760215587746247543245341346365971920452921930192x156
− 156825796042113370198023834121320626652051537915360x154
+ 370449477545798979633880321793729090073446999492376x152
− 219416915478692787229076000486747272946597890447200x150
− 833092552148915429448195890142602845769411197593552x148
+ 1265124935209099217546644317610758941413802465679264x146
+ 4239300915803771925710919681385862952162488372288484x144
− 17543658013800437066549973649703060716901195687369952x142
+ 20167156394458672311134716750820304725731030381481040x140
+ 18251304228562827610817108694285513284780411444521632x138
− 64486472782511145039963013337957007436040935686512472x136
− 34221823328110813472282323726112977108481747606157024x134
+ 355271861877389569697471816974230362310237820234334832x132
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− 531883414015416640515093499120235800871433337922647296x130
+ 7618794661746601378495855728613132091024993696014383x128
+ 686847173756211027571126511361241055869984457265977280x126
+ 385275947456624085919698538812732099789374318046766560x124
− 3538958792111643280196572711964415980913531236673579840x122
+ 4822133300609051851223198162901744259078518692895752016x120
− 1819722467118346025132284468382013863814836964520653888x118
+ 2841842743985437493828416350489217420015259834924145696x116
− 17703044162803129430928364050130001119004634487500480576x114
+ 31985658681155073097593351770669127329487040991197264872x112
− 16597778835609587800637859688604858745601682258649464640x110
− 6068940895157028997083965036209830269280825681306815520x108
− 55918758584975433685426356887540492594585261693393965632x106
+ 228687951599110057364295036151588223530487086210413527856x104
− 338277782357120087083167260352343443139757224028752717632x102
+ 184305228984461880679819790638385922484592597690395797024x100
+ 66739548908477144631366510678059578891857737702280159552x98
+ 124480365335767082131200311512379063357138542150867168860x96
− 1013076507855007754531811501435122490370229930891625021120x94
+ 2012235163511936218327204670103911138526362729213761720224x92
− 2190911192270389121819696508413705831193066778686328588224x90
+ 1459820418662214876314521025318535189821091567344251510704x88
− 939619881171602265931059851392357296043319397249640868544x86
+ 1864327746590088208838083582979487273215357691638565451872x84
− 4244529302038621191829193851648105579864919551414919559360x82
+ 6835473113085243964189148714277305428142602650922297577832x80
− 8324565069765753066822132585523019815086477177179356608960x78
+ 8326493984070990445522216822953509110505650985699955057312x76
− 7311965981067155607159912730202729914820872285506746989248x74
+ 5927571174969833388720376314540740448829553204930434513872x72
− 4553994310183118854339980896662437176818602051368763688896x70
+ 3325341324561030971898949608384203806911064049152084584096x68
− 2294648307177577403462538674106109621459203318233928490848x66
+ 1496520887549301632413059460021541708796960049747780536399x64
− 929825137724837322362910689792431285720014699744646024224x62
+ 554859595505928725401929812437565280626006496483922989552x60
− 318519891905174659227900924338757331942199310241038005664x58
+ 175404209026249043653246616132110843946909011595668442472x56
− 92576142500067287170026103983098408338555844334337550880x54
+ 46964989531868527353444339376719480199872687998910807312x52
− 22966026250475205780793863125483405647954136242788123168x50
+ 10819237422448745973316816227342475473966937437632779044x48
− 4900655137945533650990114110775531980538337802035248544x46
+ 2134626644986201436591167418773300351739262588843288048x44
− 895715034377167915797208433182517146030784943633667872x42
+ 362082992975930132665633494632415656328666325990751448x40
− 140686161111196995693429547017865511161994453691879840x38
+ 52467164469723304606637106819226508827129657143182352x36
− 18795329736364554003190711487462442933293199468946656x34
+ 6466978544030595942068892686027940180178737224698530x32
− 2130601040898348166948434663171521723223101658698208x30
+ 670001508774632296475359960495536298619995433354640x28
− 201046445760791244182987316490920919204103664565344x26
+ 57537623918123597895479298052392721942825071305400x24
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− 15626203658099356726334009357516964024057920165856x22
+ 4001518292751511821571280885373479037410443182192x20
− 964644360566438025076459824632638299883394695392x18
+ 218721025628246802900104514738861883223145440436x16
− 46139836976724455428599917340630156184877716320x14
+ 8900758654816724806973784311616075816075766800x12
− 1559355579948554407769028730729076204079084000x10
+ 247661035207059081823969484559025591399125000x8
− 34270581496560378496423284570998324895900000x6
+ 3706547514018742501148033218396620906750000x4
− 262831328024290368138135058539014145000000x2
+ 8800156072241865004625057763583062890625
energy = 25.75998653126983156 . . . = algebraic number, degree > 208 ?
Inverse square law 1/r2 potential -
a = 0.7046074370271068597 . . . a root of 324x18 + 9973x16 − 20004x14 − 24768x12 − 11484x10
+ 187650x8 − 159084x6 + 44712x4 − 17496x2 + 6561
energy = 19.25286878398789640 . . . a root of 65536x9 − 6488064x8 + 270663680x7 − 6200782848x6
+ 85555689984x5 − 738608792832x4 + 4038778392192x3 − 13674172605264x2
+ 25867905614397x− 19342011471804
Symmetries -
Symmetries - 9 points
planes [[3, 1], [4, 9]]
Gram groups [[6, 2], [9, 1], [12, 3], [24, 1]]
Polygons [[3, 3], [4, 9]]
9.11. 10 points. The optimal solution for 10 points is a polyhedron which contains 2 embedded parallel
squares and two end points or poles, which are aligned along the normal axis of the two squares. The
squares are rotated 90◦ with respect to each other’s vertices, making an antiprism.
The optimal alignment axis was found by examining the sets of parallel-plane squares. As in the case
Figure 13. 10 points.
for 8 and 9 points, the optimal 10-point solutions, under all 3 potentials, are determinable from one
algebraic parameter a.
The spherical code for 10 points, assuming an algebraic a ∈ A, is given below.
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Table 3. Algebraic code for 10 points
pt x y z
1 0 0 1
2 0
√
1− a2 a
3 0 −√1− a2 a
4
√
1− a2 0 a
5 −√1− a2 0 a
6
√
1−a2
2
√
1−a2
2 −a
7
√
1−a2
2 −
√
1−a2
2 −a
8 −
√
1−a2
2
√
1−a2
2 −a
9 −
√
1−a2
2 −
√
1−a2
2 −a
10 0 0 -1
The algebraic numbers for the a parameter and energy are given next:
logarithmic potential -
a = 0.4204838855379730022 . . . a root of 9x4 + 38x2 − 7
energy = −15.56312338902193911 . . . log(a root of 50706024009129176059868128215040000000000x2
− 8832445142182596378429651924549632x+ 150094635296999121)
Coulomb 1/r potential - The algebraic number a for the 1/r Coulomb potential is degree 224. The
degree of the algebraic number for the energy is unknown.
a = 0.4226874240439860662 . . . a root of
4294967296x224
+ 2458868776960x222
+ 1228624183164928x220
+ 393776570801586176x218
+ 97567522372779900928x216
+ 10416129061243948859392x214
+ 672902660086655438019584x212
+ 30111292352687221496374400x210
+ 1068457611997512842663975617x208
+ 31676697179069531247453849952x206
+ 846094263704413332601486841296x204
+ 21002899296096951269176738959968x202
+ 481140804389145695369741359799400x200
+ 9943523475991007656584012813224864x198
+ 182294560088379576330705880425562480x196
+ 2942546681779552607510655549727930080x194
+ 41775448400487384505354245671797251860x192
+ 522691883378839588430975033199887622304x190
+ 5782227663387798904865923846487902190160x188
+ 56751855616590100909028140821772000760800x186
+ 495851939646000872744516744964533213876120x184
+ 3868398756758797125597333941912969768214048x182
+ 27018057375015865054899175027727076029994864x180
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+ 169265797647881768079165707334155069510701920x178
+ 951893815198086820225796622184185279723382018x176
+ 4796738551580872064182344002463481878510303328x174
+ 21512647204482169427708388955431594087607988528x172
+ 84409180380589476711576891091370221650078967968x170
+ 278178477826317517616598344024655600814433021816x168
+ 687660031690059811886749816622978755339355986272x166
+ 687211663675273626333324170743800306840925771152x164
− 4590648804119487190034633037004472546126223230944x162
− 35033566058817210905131026928635038139477395944508x160
− 140294888863422320715147328463554282237107325257376x158
− 352430014234513986404022520172282351966538368561360x156
− 306477899230089265204616954705696149017425001790432x154
+ 2019517627337898274559234203278267267966273277417096x152
+ 12450571073991588564435898598623150920882784228714976x150
+ 40024530453463030626839489236569653734857796726271504x148
+ 82937651675831053559936135615603933793670592226669856x146
+ 92293661613905299543060384563270794177783627492836911x144
− 53810200002206943411201101986259954762297718337768704x142
− 457186029843595686973226500422842071231577644334686432x140
− 919722879740359331619486552347987101265569439199381568x138
− 786685992076974047916907957113632317699877970620534384x136
+ 398069072912919404130496617795497527525257905335985216x134
+ 1635992559313482562953250722348820536543468538828349536x132
+ 1082201488171269375598004998864829312919938889786905792x130
+ 46534424483997810750785921878271725584482576873879848x128
+ 4060999172285328139690270679634291506666126858118249024x126
+ 12514944804257162029459072218968128554908255378809118496x124
+ 9946276477842177111594332751804629055365839262743743168x122
− 13424082347695448789217825475890077109593049160049628048x120
− 36288282801695549983355930360583417973205344236718315200x118
− 41147334428448495670257448086834058097031385976859517344x116
− 48991162685311338099819120926865316972528591294224250432x114
− 28124016532815903322786368239095790960430785203864361956x112
+ 116078127584179642701535728548632504960048794375598869184x110
+ 253595295998036067047089597081044449688841056826525479520x108
+ 92597825762910220427728363565922673388681046683422948672x106
− 137361163526500395779452006471767279326226476035404014480x104
+ 644899702101790082817343240432460560596356419098969792x102
− 9330922704029552738205487163805417075010586027973679328x100
− 575757471746248826408062171398756294630320914095133291456x98
− 696592896261855298134588128636607064932319425832102180568x96
− 15874336691325881235781357479724507841230033840723447104x94
+ 906537547679743507972036231261750143810023975136036001888x92
+ 1684398895125160168531270816721441458150424113874344312896x90
+ 479973121410231599069457466506033248373523201326802780560x88
− 1307756259338011300798931695518884582412823667625507415104x86
− 565113266111116835016564448182314677333008705800032265696x84
− 1627385428030381626788372867771144139957172351791073509696x82
− 688446724905494068394615343618906547290594605162339433937x80
+ 2733950882606103239928731707597901164994741104207316913504x78
− 1632402289087606611335203055390685104151753502675618716912x76
+ 2894190988896132768982689299303050431326559617076040822752x74
+ 1982610080883240293441144156426932051204710099304364678792x72
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− 10539662547455100693577419890771076371996721589230309243360x70
+ 18118544960814181129928639610705841404599988861865542574896x68
− 29206604067745604715995115213371883246366666487232027519392x66
+ 38519849314899652729701590249900875045418761733805389374404x64
− 42834768091091310096268230277103406849805858704138109648096x62
+ 44648015999758750386311763988728987779765371875397212414352x60
− 42386750797107057003830169862590804041490523607155394081952x58
+ 36453222423641619782737742887442316053279861345211899524984x56
− 29417666627083637623467401586445185290280328990840821993824x54
+ 22092115031686153975799887009050699133792082895567728593712x52
− 15300523238889514546211602293886036861602743446733449120544x50
+ 9917085582769303612510060944737969459717315661498587067650x48
− 6003259073427820950219536946205265231495240713846152100128x46
+ 3357031939680247464479895859787191675165596621077637070192x44
− 1740589188214655897138171596860282199704712736477922037728x42
+ 836822020936025813494453975967351783808669933148480628632x40
− 367970482712309166305388753700392239947769079581914813984x38
+ 146656157391374477619360138979290311037452981938710314576x36
− 52814763361922332001294142442829579865480741641174361696x34
+ 16883286677068925213661898054627689453103721361205929748x32
− 4614101566794821969796668544492339160449171715787278880x30
+ 1034600431715262197835110627360222379900830013858930032x28
− 184326743519123553080740385630059705658629387570654816x26
+ 25516906250852194407965339672129141594482307113972840x24
− 2698277947807530325223307345346774484494006895885216x22
+ 214553027716969793135534686425158221720204521134800x20
− 12620001246779136961826002476430533582706257275488x18
+ 540051885378925822270452451876948851438441621185x16
− 16580231821234125940385941529627306493735261120x14
+ 362222806767905100981163591225811065476663040x12
− 5593939457139973612037719110654963251580928x10
+ 60348011980880725501571311652806659432448x8
− 443647540128519185709379165378893316096x6
+ 2114266757533773534832009081416318976x4
− 5881401167590744690846765982679040x2
+ 7243565730450179340973882998784
energy = 32.71694946014758813 . . . high degree algebraic number
Inverse square law 1/r2 potential -
a = 0.4242756082881730876 . . . a root of 3x8 − 156x6 − 462x4 − 284x2 + 67
energy = 25.04135972210499009 . . . a root of 256x4 − 9984x3 + 102432x2 − 327568x+ 82881
Symmetries -
Table 5. Symmetries – 10 points
planes [[4, 12], [8, 1]]
Gram groups [[2, 1], [8, 1], [10, 1], [16, 5]]
Polygons [[4, 14]]
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9.12. 11 points. The optimal solution for 11 points is the first one for which no algebraic number has
been yet found for the coordinates, the algebraic degree is too high for current mathematical tools to
discover, although 50,014 digits of the parameters for the polyhedron have been computed (making the
spherical codes 50,014 digits in size).
The suggested optimal axis was found by examining the parallel planes, aligning the squares and the
dipoles in the figure 14.
Figure 14. 11 points.
The figure contains one isolated pole, one dipole, one rectangle, and two dipoles as one proceeds away
from the isolated pole along the preferred axis. The top and middle dipole are aligned parallel with each
other, the bottom dipole is rotated 90◦ with respect to the other two.
In parameterizing this configuration, the distance between the dipoles and rectangle were used, as
well as the height/width ratio of the rectangle, resulting in 5 parameters:a, b, c, d, and e.
The resulting parameterization, in terms of a, b, c, d, and e, is
Spherical code for 11 points
pt x y z
1 0 0 1
2
√
1− a2 0 a
3 -
√
1− a2 0 a
4 c
√
1− b2 − c2 b
5 c -
√
1− b2 − c2 b
6 -c
√
1− b2 − c2 b
7 -c -
√
1− b2 − c2 b
8
√
1− d2 0 d
9 -
√
1− d2 0 d
10 0
√
1− e2 e
11 0 -
√
1− e2 e
The decimal values for the parameters a, b, c, d, and e were optimized by using the Jacobian matrix and
Newton’s method to 50,014 digits and attempts were made to locate the algebraic numbers, but they
was unsuccessful to a degree of 360.
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Pot+ Parameters - 11 points Minimal Energy
Law a b c d e energy
-log 0.5176071807 0.1729166133 0.4856631610 -0.5583040204 -0.8051363870 -18.42047972
1/r 0.5153071412 0.1683597004 0.4889224036 -0.5526814629 -0.8059548965 40.59645050
1/r2 0.5131231311 0.1619382013 0.4919211169 -0.5483209203 -0.8074504105 31.83472163
Symmetries -
Symmetries - 11 points
planes [[4, 7], [10, 1]]
Gram groups [[2, 3], [4, 8], [8, 9], [11, 1]]
Polygons [[4, 7], [5, 1]]
9.13. 12 points. The optimal solution for 12 points is the regular icosahedron, one of the Platonic
solids. The multiple symmetries embedded in this polyhedron are noticeable when examining the group
symmetries and Gram matrix, for example, there are 40 triangles, 15 squares and 12 pentagons embedded
in the configuration.
Figure 15. 12 points - icosahedron.
The spherical code for all 3 potentials is the same:
Spherical Code -
Table 6. Algebraic code for 12 points
pt x y z
1 1 0 0
2
√
1
5 0
2√
5
3
√
1
5 -
√
5+
√
5
10
5−√5
10
4
√
1
5 -
√
5−√5
10
−5−√5
10
5
√
1
5
√
5−√5
10
−5−√5
10
6
√
1
5
√
5+
√
5
10
5−√5
10
7 -
√
1
5
√
5−√5
10
5+
√
5
10
8 -
√
1
5 -
√
5−√5
10
5+
√
5
10
9 -
√
1
5 -
√
5+
√
5
10
−5+√5
10
10 -
√
1
5 0 -
2√
5
11 -
√
1
5
√
5+
√
5
10
−5+√5
10
12 -1 0 0
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Law Minimal energy
log log(30517578125/73786976294838206464)
1/r 3 + 15
√
2
√
5 + 5
1/r2 39
Symmetries -
Symmetries - 12 points
planes [[4, 25], [20, 6]]
Gram groups [[12, 2], [60, 2]]
Polygons [[3, 40], [4, 15], [5, 12]]
9.14. 13 points. The optimal configuration for 13 points is interesting, there is one isolated pole, two
dipoles, then a rectangle, then two more dipoles, moving away from the isolated pole. The dipoles, if
next to each other, are rotated 90◦ with respect to each other. The arrangement is [1:2:2:4:2:2].
Figure 16. 13 points.
Six parameters, a, b, c, d, e, f , were used in an attempt to find the algebraic numbers.
Table 7. Spherical code for 13 points
pt x y z
1 0 0 1
2
√
1− a2 0 a
3 -
√
1− a2 0 a
4 0
√
1− b2 b
5 0 −√1− b2 b
6 d
√
1− c2 − d2 c
7 d -
√
1− c2 − d2 c
8 -d
√
1− c2 − d2 c
9 -d -
√
1− c2 − d2 c
10 0
√
1− e2 e
11 0 -
√
1− e2 e
12
√
1− f2 0 e
13 -
√
1− f2 0 e
The values to 19 digits of the parameters optimized for the minimal solution are:
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Parameter log 1/r 1/r2
a 0.6104352212015100601 0.6112932937024949408 0.6107598627096058981
b 0.5000426887660601445 0.5006051736217342854 0.5006390420498682103
c -0.1021508091983655130 -0.1043503753542226428 -0.1073338258910784390
d 0.8062500285826657195 0.8078028912837569615 0.8086348537465551129
e -0.5441180397131400020 -0.5446310313223069086 -0.5458793128928694460
f -0.8620582518576991767 -0.8629768688323714373 -0.8639426921905183161
energy -24.86672187550609084 58.85323061170244816 47.77330898085704154
They are all known to 50,014 digits precision, for all 3 potentials, but again, attempts to find the
algebraic numbers for the parameters failed, the algebraic degree > 360.
Symmetries -
Symmetries - 13 points
planes [[4, 9], [10, 2]]
Gram groups [[2, 4], [4, 11], [8, 13], [13, 1]]
Polygons [[4, 9], [5, 2]]
9.15. 14 points. The optimal solution for 14 points is interesting, it is two poles and two parallel-plane
hexagons whose normal is oriented along the pole axis. The 2 hexagons are rotated 30◦ with respect to
each other. The arrangement is [1:6:6:1].
Figure 17. 14 points.
Only 3 parameters, a, b, and c were required to parameterize the polyhedron in order to locate the
algebraic numbers.
Table 8. Algebraic code for 14 points
pt x y z
1 0 0 1
2 b −√1− a2 − b2 a
3 −b √1− a2 − b2 a
4 b
√
1− a2 − b2 a
5 −b −√1− a2 − b2 a
6
√
1− a2 0 a
7 −√1− a2 0 a
8 0 −√1− a2 −a
9 0
√
1− a2 −a
10 c −√1− a2 − c2 −a
11 −c √1− a2 − c2 −a
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Table 8 – Algebraic code 14 points – continued
pt x y z
12 c
√
1− a2 − c2 −a
13 −c −√1− a2 − c2 −a
14 0 0 -1
While the algebraic numbers were successfully recovered for the logarithmic and inverse square law
potentials, the attempts to locate the algebraic polynomials for the 1/r potential was unsuccessful, the
degree is > 360. A more efficient LLL matrix factoring program is needed.
logarithmic potential -
a = 0.4591508204907729375 . . . a root of 13x6 + 159x4 + 75x2 − 23
b = 0.4441791654396483527 . . . a root of 26x6 − 99x4 + 54x2 − 7
c = 0.7693408822050128806 . . . a root of 26x6 − 297x4 + 486x2 − 189
energy = −28.40781300924246057 . . . log(a root of 4169296310946615347081896890345435474217/
625419757666259830598370852784315823192280014758230283939998256898644349920/
9490432x3 − 19173819271508477744387320310627874199431928762462502133020630604/
428505798411098847020422132399316243664863232x2 + 4671594209038318175565468/
7111676478249362798441801853034094278841304536804968718712384258048x
− 27783742160348572763840067510872319734178277)
Coulomb 1/r potential -
No algebraic numbers were recovered for the 3 parameters under the Coulomb potential, to algebraic
degree 360. Neither was the energy polynomial recovered.
Potential Parameters - 14 points
Law a b c
1/r 0.4553677951624630035 0.4451517076033959054 0.7710253746451266125
energy = 69.30636329662642126 . . . = algebraic number, degree > 360 ? The decimal values for a, b, c
and energy are known to 50,014 digits.
Inverse square law 1/r2 potential -
a = 0.4518625916952697588 . . . a root of 49x12 − 1266x10 − 12273x8 − 31132x6
− 15729x4 − 1266x2 + 1201
b = 0.4460437753815296572 . . . a root of 196x12 + 972x10 − 4467x8 + 5744x6 − 3042x4
+ 708x2 − 59
c = 0.7725704813606493514 . . . a root of 196x12 + 2916x10 − 40203x8 + 155088x6
− 246402x4 + 172044x2 − 43011
energy = 57.12120859837665927 . . . a root of 4096x6 − 516096x5 + 22827648x4 − 446078592x3
+ 3791794905x2 − 12207846852x+ 5692229883
Symmetries -
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Symmetries - 14 points
planes [[4, 42], [40, 1]]
Gram groups [[2, 1], [12, 1], [14, 1], [24, 7]]
Polygons [[4, 42], [6, 2]]
9.16. 15 points. The optimal configuration for 15 points is quite interesting, as it consists of 5 sets
of parallel-plane equilateral triangles, alternately rotated 180◦ with respect to their neighbor along the
axis normal to them all. The arrangement is [3:3:3:3:3].
Figure 18. 15 points.
The configuration of 15 points is parameterized by 4 parameters, a, b, c, and d as given below:
Parameterized Structure -
Table 9. Spherical code for 15 points
pt x y z
1 a b
√
1− a2 − b2
2 −a+b
√
3
2
−b−a√3
2
√
1− a2 − b2
3 −a−b
√
3
2
−b+a√3
2
√
1− a2 − b2
4 −c d √1− c2 − d2
5 c+d
√
3
2
−d+c√3
2
√
1− c2 − d2
6 c−d
√
3
2
−d−c√3
2
√
1− c2 − d2
7
√
3
2 − 12 0
8 0 1 0
9 −
√
3
2 − 12 0
10 c d −√1− c2 − d2
11 −c+d
√
3
2
−d−c√3
2 −
√
1− c2 − d2
12 −c−d
√
3
2
−d+c√3
2 −
√
1− c2 − d2
13 −a b −√1− a2 − b2
14 a+b
√
3
2
−b+a√3
2 −
√
1− a2 − b2
15 a−b
√
3
2
−b−a√3
2 −
√
1− a2 − b2
The values of the 4 parameters optimized for the minimal solution are:
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Parameter log 1/r 1/r2
a 0.07491147758374605908 0.06812067962095187165 0.06471950175770332021
b 0.5594393279679571222 0.5577319898936203239 0.5555619674382903803
c 0.7403487282949123332 0.7425947069353261638 0.7425546518580456061
d 0.5376117024907701347 0.5320796700922574934 0.5300812467220562797
energy -32.14787628384166228 80.67024411429390062 67.48618473529605946
The decimal values for the 4 parameters are known to 50,014 digits, as usual, and the energy values
likewise. Unfortunately the algebraic degree for all is > 360 as searching has shown.
Symmetries -
Symmetries - 15 points
planes [[5, 1]]
Gram groups [[6, 7], [12, 14], [15, 1]]
Polygons [[3, 5]]
9.17. 16 points. The optimal solution for 16 points is a configuration with 5 embedded parallel-plane
triangles along an axis, with a single pole at one end. Each triangle is rotated 180◦ with respect to
the neighboring triangle(s) and the pole is aligned with a line through the triangle centroids. The
arrangement is [1:3:3:3:3:3].
Figure 19. 16 points.
Parameterized Structure -
Table 10. Spherical code for 16 points
pt x y z
1 0 0 1
2
√
1− a2 − b2 b a
3 b
√
3−√1−a2−b2
2
(−
√
3
√
1−a2−b2)−b
2 a
4 −b
√
3−√1−a2−b2
2
√
3
√
1−a2−b2−b
2 a
5
√
1− c2 − d2 d c
6 d
√
3−√1−c2−d2
2
(−
√
3
√
1−c2−d2)−d
2 c
7 −d
√
3−√1−c2−d2
2
√
3
√
1−c2−d2−d
2 c
8
√
1− e2 − f2 f e
9
f
√
3−
√
1−e2−f2
2
(
−√3
√
1−e2−f2
)
−f
2 e
10
−f√3−
√
1−e2−f2
2
√
3
√
1−e2−f2−f
2 e
11
√
2
3 −
√
2
3 − 13
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Table 10 – Spherical code 16 points – continued
pt x y z
12 − 2
√
2
3 0 − 13
13
√
2
3
√
2
3 − 13
14
√
1− g2 − h2 h g
15
h
√
3−
√
1−g2−h2
2
(
−√3
√
1−g2−h2
)
−h
2 g
16
−h√3−
√
1−g2−h2
2
√
3
√
1−g2−h2−h
2 g
logarithmic potential -
let A(x) = 89915392x36 − 539492352x34 + 838139904x32 + 3993407488x30 − 21748887552x28
+ 24754297344x26 + 60398596528x24 − 215912904384x22 + 121681883520x20
+ 335366512064x18 − 140298350304x16 − 255855385152x14 + 57862428200x12
+ 79451789520x10 − 12304178880x8 − 8598909328x6 + 2428094280x4
− 177973632x2 + 1022283
and
let B(x) = 1701x12 − 3402x10 − 1134x9 − 8019x8 + 1512x7 − 10980x6 − 5796x5 + 26199x4
+ 840x3 − 11298x2 + 1506x+ 679
be the two defining algebraic polynomials, then the solutions for the logarithmic potential are:
a = 0.5899523558141528103 = a root of B(x)
b = 0.4001422226961329020 = a root of A(x)
c = 0.4606669288440935079 = a root of B(x)
d = −0.4793130545097588813 = a root of A(x)
e = −0.1927625845883329931 = a root of B(x)
f = 0.07917083181362597929 = a root of A(x)
g = −0.8578567000699133251 = a root of B(x)
h = −0.07917083181362597929 = a root of A(x)
energy = −36.1061521619506068725 . . . = log(a root of 76957043352332967211482500195592995713/
046365762627825523336510555167425334955489475418488779072100860950445293568x3
− 16052612687571957819904801038866776948912323897668308741713914864782031146/
426236031726716444475392x2 + 173088986728844883554508658463496666984905048975/
6484549909556494336x− 4259245936403381258086839702909)
Coulomb 1/r potential -
For the Coulomb potential, the algebraic degree for the polynomials A(x) and B(x) is > 480 and the
attempts to find them have failed.
The first 19 digits of the real spherical code and minimal energy is given below for the Coulomb 1/r
potential:
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a = 0.5784553451430919801 . . .
b = 0.4066356292761919381 . . .
c = 0.4725437786058905049 . . .
d = −0.4714929532449352116 . . .
e = −0.1914894233689195990 . . .
f = 0.06485732396874327353 . . .
g = −0.8595097003800628861 . . .
h = −0.06485732396874327353 . . .
energy = 92.9116553025449436907 . . .
Inverse square law 1/r2 potential -
let B(x) = 1990280943581607x60 − 19902809435816070x58
− 27421648556013252x57 − 43941234574323423x56
+ 255935386522790352x55 + 1250459032205919348x54
+ 332161988700866328x53 − 4502047973778290349x52
− 9254712809334718512x51 + 1848754561419189630x50
+ 40043464834629679956x49 + 20754711971072321661x48
− 127224497718745869600x47 − 129032333365902031800x46
+ 366503839233648588144x45 + 655441487568573180795x44
− 669111487290513977760x43 − 1899095746076333915958x42
+ 707866494468313444380x41 + 3503698955684621738685x40
− 585877852174542474384x39 − 5139653744209018233780x38
+ 317649251715694661736x37 + 6437655525601892490471x36
+ 1419741771734647269360x35 − 3770384156108979284610x34
− 721906282040742833580x33 + 2079936844030153363833x32
+ 4586289138687879233856x31 + 7330669816248030061296x30
+ 1632127979399261997600x29 − 1689853496295756171195x28
+ 13509139969273281053760x27 + 23634992650336254976158x26
+ 3980029437337343519700x25 − 5876462430313445547405x24
+ 13372329567591304865712x23 + 13363907663844619776972x22
− 3008289018150579923352x21 − 2399390462232922407831x20
+ 3811959959294391158448x19 + 2201597932109314943466x18
− 1611682502421498836580x17 − 794300844233841993369x16
+ 1267106177356657640928x15 + 285708020409215700552x14
− 488638078721611154064x13 + 3723688174313436633x12
+ 64019467833519357792x11 − 83645669146145463522x10
− 60003466723495376172x9 + 38993648108050287x8
+ 26543401733915042064x7 + 8319347141860947444x6
− 4410051391500266216x5 − 1134983421447927267x4
+ 311613104829005712x3 + 9048953409216282x2
+ 1091221162080444x+ 2242635315117795
let A(x) = 2224225399066765295616x180 − 66726761972002958868480x178
+ 808032965090852688887808x176 − 4654845173544489647603712x174
− 4419320395191815937982464x172 + 404990473123255093309734912x170
− 4687291122972092315385987072x168 + 29615087152686382580005601280x166
− 61370785356292588245765586944x164 − 927319976276608044803886678016x162
+ 13640375637643154991589388976128x160 − 112342344680441260173498058276864x158
+ 695261621972565687452794831765504x156 − 3452220355326481081987587859546112x154
+ 13846016116460829738689498772930560x152 − 43494742725799721407279302954713088x150
+ 96632258756361759744332622299398144x148 − 87715458048721096084831245365673984x146
− 391887640892939402993602581853372416x144 + 2389708442838665095909906267525611520x142
− 7277484680738157005869242025095725056x140 + 14032533223633918680693595327205474304x138
− 12649369803012158857725355017421062144x136 − 22104955528279903875489542700320456704x134
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+ 119948218840100264697623835629514726400x132 − 265259355575627302186858919256618797056x130
+ 320449646844816073631014310806800430080x128 − 16714832260731330260912421855176255168x126
− 874130832127977138118422842465301982464x124 + 2327376117261221684578048963785044036320x122
− 4433713725153147105072468551667909183495x120 + 8875277675960918149827347910957913730060x118
− 20298796240860198470466563590205710380492x116 + 44000187813236574306008823203915156448320x114
− 78322494671113161408191942221196431588752x112 + 110950401783144589788868131580230578861664x110
− 139417656543358097210112892880939673992680x108 + 222320772412817409533305242285753009403008x106
− 514986098995667877201161801070296382403768x104 + 1196056835811287060147635348292175592275600x102
− 2245070332192896261272362433577301752784224x100 + 3217906404958508850886819594145597799495568x98
− 3330083041064200873965959609788770455844784x96 + 2027008933097900091853206993852172116289856x94
+ 256065553555719775292531588418658385770880x92 − 1856086362727517132425898513800135128546480x90
+ 678095060308511112369756613047305458330320x88 + 4309721555117202397046698884867341068762496x86
− 11993202813895890039643215430532572127173696x84 + 19427182193009887599857075901316636644199296x82
− 23466816306690069757245762218306738739357824x80 + 22573622221660248732658163508617872867676416x78
− 17556191070081111444182790750049657241355456x76 + 10863184497747124945087395366323868618766144x74
− 5064240365235337480607452464015486595252096x72 + 1580691017159711034842565710290326979140096x70
− 366390472221472176838182697574745923281280x68 + 469697799095354002027496601893676734093056x66
− 876121332260276891126942598208770537248000x64 + 1037077879669904537587853257182182274686464x62
− 884414647349094376394129678572833314886848x60 + 577590787311914206969257934265879502570368x58
− 292420238420369318905025484827152244445952x56 + 117407554793610301839928183155521862047744x54
− 41059736004841117709565818211344171608576x52 + 15380612534157064709782526267052470477824x50
− 9076258057827374205521188380760928027136x48 + 7768428535099042491739439960861805510656x46
− 5315010300779892593249393495752551416832x44 + 2397294446334587683469708207701702647808x42
− 875932110351698986977659308562374891520x40 + 361671770185444073383475648938402447360x38
− 113792111590768835700323376990156344320x36 + 9794291383785225940117182938899073024x34
+ 587642877485643607168837384742584320x32 + 1636844792111403858152998077200187392x30
− 73048126031844571941679458503655424x28 − 174401845158783490349073877898051584x26
− 20863370618668547224552034971025408x24 + 10732008152387774649408151150919680x22
+ 2129681450563201799814129672650752x20 − 441801998942565500176793936527360x18
− 48713092709549829100631320625152x16 + 7098447961372115198142368972800x14
+ 254830098732817001004489768960x12 − 25700118754142025187453829120x10
+ 1117483756902132381044441088x8 − 82695495956318028130418688x6
+ 13377928794696579343712256x4 − 185520202801158295650304x2
+ 420353570822297747456
Then the spherical code for the 16 point Inverse Square law 1/r2 potential is found:
a = 0.5689949134399233803 = a root of B(x)
b = 0.4116447726156913951 = a root of A(x)
c = 0.4820317283041705916 = a root of B(x)
d = −0.4648986301131366439 = a root of A(x)
e = −0.1901813704907959089 = a root of B(x)
f = 0.05325385749744524880 = a root of A(x)
g = −0.8608452712532980630 = a root of B(x)
h = −0.05325385749744524880 = a root of A(x)
likewise the minimal energy is given:
energy = 78.7726490309895138199 . . . = a root of 1048576x15 − 334757888x14 + 47184216064x13
− 3921290297344x12 + 215897097752576x11 − 8369979026080768x10
+ 236600677270422528x9 − 4973176072973820672x8 + 78418910577341147904x7
− 927517684105981411776x6 + 8154887946779466170424x5
− 52268128066305944923824x4 + 236014485410944499420934x3
− 707824749993648711558966x2 + 1260534253142866044717126x
− 1007561675892684901708755
Symmetries -
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Symmetries - 16 points
planes [[5, 4]]
Gram groups [[12, 4], [16, 1], [24, 8]]
Polygons [[3, 20]]
9.18. 17 points. The configuration for 17 points has the points arrange themselves into a dipole, and
3 parallel pentagons, with the normal to the parallel-plane pentagons as the dipole axis. See figure 20.
This arrangement is [1:5:5:5:1], where 1 denotes a single point and 5 denotes a pentagon.
Figure 20. 17 points.
Parametric Solution –
Table 13. Spherical code for 17 points
pt x y z
1 0 0 1
2 −√1− a2 0 a
3 − (
√
5−1)
√
1−a2
4
√
2
√
5+10
√
1−a2
4 a
4
(
√
5+1)
√
1−a2
4
√
10−2√5√1−a2
4 a
5
(
√
5+1)
√
1−a2
4 −
√
10−2√5√1−a2
4 a
6 − (
√
5−1)
√
1−a2
4 −
√
2
√
5+10
√
1−a2
4 a
7 1 0 0
8
√
5−1
4
√
2
√
5+10
4 0
9 −
√
5+1
4
√
10−2√5
4 0
10 −
√
5+1
4 −
√
10−2√5
4 0
11
√
5−1
4 −
√
2
√
5+10
4 0
12 −√1− a2 0 −a
13 − (
√
5−1)
√
1−a2
4
√
2
√
5+10
√
1−a2
4 −a
14
(
√
5+1)
√
1−a2
4
√
10−2√5√1−a2
4 −a
15
(
√
5+1)
√
1−a2
4 −
√
10−2√5√1−a2
4 −a
16 − (
√
5−1)
√
1−a2
4 −
√
2
√
5+10
√
1−a2
4 −a
17 0 0 -1
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logarithmic potential -
The global minimum for the logarithmic potential has been determined.
Let a = 0.6076810889242587549 . . . = a root of 256x12 + 3545x10 + 11335xx8 − 4470x6 − 2050x4 +
525x2 + 75.
The spherical code for the energy is also known:
energy = −40.2730669611811632688 . . . log( a root of 16012754614967250797153798078/
09264529669290183544775350331701073809543109113900584706040601860365657301144/
95697054184260158283544631485901043893918796476892459555975251860397378921329/
71004650239322719387721326595979010744368498782391378404208279897929676570447/
41817257803953686812869344133570887680000000000000000000000000000000000000000/
00000000000000000000000000000000000000000000000000000000000000000000000000000/
0000000000000000000000000000000000000000000000000000000000000000000000000x12
+ 377334792306556323678291825408953346835679595542161491732944851627138337355/
36920118345413442481166282186917443618678834130306531841601354913282415746027/
42984817259503666508681133162384521236708766464018845099896556636384809713286/
39317785421109660416808307250098202311857787110626173283446284712039685082316/
80000000000000000000000000000000000000000000000000000000000000000000000000000/
00000000000000000000000000000000000000000000000000000000000000000000000000x10
− 144692374548576282746422991383115216477646062545643846512248403699542458201/
58483392912221917153018803369845861061464070702822650153011276189565292852314/
18267334657295033112788384238822540650787962034790328112735488875338076436951/
79714406615429448430831521046528276370129510422219042377435822581383686109931/
13661440000000000000000000000000000000000000000000000000000000000000000000000/
0000000000000000000000000000000000000000x8 + 96468947935755003581836553712501/
23077866708662553804882588896702637156405899244361486524549751584650689817437/
35104081177131698109367301315515499165946856009873141343944455609919091792415/
04776756226136204905288352875223687307472233624954900626819664727856576612634/
36558940835753634660720283284763102630559353340847718400000000000000000000000/
00000000000000000000000000000000000000000000000x6 + 1416545651654981248994952/
53351663652489405460495773587222627003959706683912402319587637007842352012499/
77153623020433987638394461778517400543413561974931363911869296115633277552873/
37689273185817730372301229959921086554583166296073883742434306077385855257934/
71331051347323439106054315785579825241588446003200000000000000000000000000000/
0000000000000000000x4 + 41041765620529242133611691056883041736616521262187380/
01693921773618916140585455112841800710702201488638383670501319602887938491450/
78877437731470009943587939240379895685794943269641182065282516728632198605949/
4286877893220716049098699633151314459420780627320110797882080078125x2 + 10130/
65324433836171511818326096474890383898005918563696288002277756507034036354527/
92961597874685151227739206216096210673398319118052045295602706905129735441578/
6421338721071661056)
Coulomb 1/r potential -
The global minimum energy and coordinates for the logarithmic potential has been determined to
50,014 digits, however the degree of the algebraic polynomials > 360.
Table 15. 17 points - Coulomb 1/r potential
Parameter a 0.6095575990554807772 . . .
Minimal energy 106.0504048286187048 . . .
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Inverse Square 1/r2 potential -
The algebraic code has been obtained for both the coordinates and the minimal energy.
a = 0.6117975792003008025 . . . = a root of 100x26 + 7981x24 + 23840x22 − 143330x20 − 1346500x18
+ 2043775x16 + 6878400x14 + 15610900x12 − 1916100x10 − 4286725x8 − 580000x6
+ 456750x4 + 22500x2 + 5625
energy = 91.04731931420740319 . . . = a root of 1024x13 − 612608x12 + 162461952x11
− 25242603136x10 + 2563215005760x9 − 179852969538112x8 + 8988670083974544x7
− 324447567015364856x6 + 8463548460720194888x5 − 157615754889421646115x4
+ 2037337935965765371114x3 − 17321248088620678256598x2
+ 86909807362528534375692x− 194568980729327870281101
Symmetries -
17 points has the same symmetry groups for all 3 potentials.
Symmetries - 17 points
planes [[4, 50], [8, 5], [10, 5], [30, 1]]
Gram groups [[2, 1], [10, 3], [17, 1], [20, 8], [40, 2]]
Polygons [[4, 60], [5, 8]]
9.19. 18 points. The optimal configuration for 18 points, in all 3 potentials, consists of 4 parallel-plane
squares, each rotated 90◦ with respect to its neighbor, and 2 poles, located along the line passing through
all centroids of the squares. The arrangement is [1:4:4:4:4:1].
Figure 21. 18 points.
Parameterized Structure -
Table 16. Parameterized structure for 18 points
pt x y z
1 0 0 1
2
√
1− a2 0 a
3 −√1− a2 0 a
4 0
√
1− a2 a
5 0 −√1− a2 a
6
√
1−b2
2
√
1−b2
2 b
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Table 16 – 18 points parameters – cont.
pt x y z
7
√
1−b2
2 −
√
1−b2
2 b
8 −
√
1−b2
2
√
1−b2
2 b
9 −
√
1−b2
2 −
√
1−b2
2 b
10 0
√
1− b2 −b
11 0 −√1− b2 −b
12
√
1− b2 0 −b
13 −√1− b2 0 −b
14
√
1−a2
2
√
1−a2
2 −a
15
√
1−a2
2 −
√
1−a2
2 −a
16 −
√
1−a2
2
√
1−a2
2 −a
17 −
√
1−a2
2 −
√
1−a2
2 −a
18 0 0 -1
logarithmic potential -
let f(x) = 6975757441x40 + 208693421574x38 + 2727780575657x36 + 20307644474000x34
+ 93075033736436x32 + 258946513145640x30 + 373983661039812x28
+ 55293016177264x26 − 546051138638354x24 − 383999611370844x22
+ 342483271515086x20 + 240930872783728x18 − 107690500640380x16
− 82973538391256x14 + 39303141877044x12 + 479477056528x10
− 1194833123559x8 − 72796608506x6 + 980311185x4 + 115941504x2 + 2560000
For the spherical code, we let a and b be roots of f(x):
a = 0.6754406562091057220 . . . = a root of f(x)
b = 0.2063761761970050338 . . . = a root of f(x)
The minimal energy polynomial has been found, but it is excessively long. A precision of 12,002 digits
had to be employed to successfully recover this polynomial.
energy = −44.6502872592307253555 . . . = log(a root of 349517029005437161283359578148251/
3476901109690634419058795694716815043148971274171932580984121459006491231497041542/
313380560502302063652326536276730384167219482425213883791784359267965624864476143/
48188935756915368751266109911460576609233308993820766582549613502551845177680401/
33399072906144382981170642512621029317210689563707184529409262882208418202138290/
23049915771457356905713901068702774827736025047937311524392733763487449667843374/
49787403959956951462529143257666741808373719075235663641578953833996132107193050/
34630039617468429506356895753741337878060982409701341313152243864260254012971853/
318587192815332236473292711526400000000000000000000000000000000000000000000000000x10
−52551132042685849026065501179765397186197506119258920304392355633440530153395782/
45140911657432298197888180253272066534620410066019948852205915732529159595545247/
04699047577407761852301343921408888491106707676760325977305060254767296767854402/
75383578067239402597389082037257859934443457625169087128394601538167237636391020/
08101786020267973189620110005270889427465404641676106116626767243128514272579306/
07505915768419748368630097794376062624152380571701567886704377943031006348655214/
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22632164354284461946438633090646494600464973960701546937636677147555683451503358/
10074284283554173656383383569695739333839812760043058626560000000000000000000000/
000000000000000000x9 + 2675742080694921408517522202613315311040307885149900415453/
21817506117008012082287024592094096611691607907148747251032006934537698323232417/
38733884975945952338022881759151505137670921401986626454912191682569285160484726/
81082525982250387006920502897065765026048802135085926066553419152138557952445705/
20718751584517547430212281096443677928960837103713753961156691874278793660327915/
52067435484828853969835923238817677520628054474352025209917606118352844697537140/
18130059483429324075964121688947795490754799879091608413776504194751712012349838/
55254067462222253979982650319953606760380898972546904409253517834846208000000000/
000000000000000000000x8 − 4540411473798394290854644920459525725968730563069224991/
03778881133741940276589586468710810431043970427392621472014097378401081211901124/
23645455497507751153305393939038718549486513545437429161627322773663604670486543/
63161724836957956339496720219517054422361007349260790720840096878604448790558647/
16939448346345061360813847396887545349807385153026090174005871302534541453136521/
47088226454121935775626044968993856838134978435545374328202917926740267648595722/
64045283507844243215197185578700478268008733032060741227301096124419889176325309/
04972871277103049704924709557793428281714001496853898988533841920000000000000000/
0000x7 + 378135800462764072947621624377493985460375577930933181986970433306104710/
51618022963132766158259343101725899131179432057605421875235374798021734215332834/
68318448873655653921763788472572444972375865885611381008974159810830322835853112/
13947915543531808833272173225599614126193911741779595787972295924708388262134306/
37761445054972394126499593489783681941816407430851001444167529832296251077892261/
20914939019900668090010831008952196831386340055980768854374652827665944932564469/
08194299838206920299246692881193074299771049275078970400174330833019796468278756/
45429109168530631287786962944000000000000x6 − 21446725848125520216440937147047308/
52489294718815277291554977218650229512350097217110212549930470771761034527078706/
34647766578318797662966981317392349046018408664543166551236932060045813395057249/
38846892131212958612857329209642735245671997829403284716719500204555380999903572/
03225892831588086277932323235088587802980700801336702306052130859981571733234114/
84415821489296158694001616729309584643135134731440110813403562712821080912160814/
00950589425557300072604312447709314263971893487864227851561401878516511159324653/
0603751973642572539433429420615902390494531944448x5 + 9158078299321659636551986/
43241555688072970094824596789791938994909150684094442702621562512207278923758581/
80019668821741597238414923796303117699341275392045457010341797810384896019036773/
56975317243743308771955968774528858805265500572299168446940912926055007752708653/
45807372701538867413535202471998142108960253070085481141401978781319625337601660/
76320742643883727922519520631607910859742664336416529066267333956352285102764895/
85107854964628351179792967789288063028162503802038574566810696418649714404595051/
5646563397740265472x4 − 204101629117025960998019700094879039496278036551923062343/
02317808077907179387023756903547804544133578811190216716313963136974236221106971/
26607087400960409315441055410826639134527298332566960099136729559592055434748313/
49610537053069778179142769789682414166133351411671035565661904087124150324254856/
58053655910580747595247748086483105118269464552843912747133799766536863255658053/
83338368843434364325322382985695681503233778775503697738224034598056426035746224/
58704914858822935760601088x3 + 14296451571354724028108133137020864406647059956678/
66495163170979231468505015383935788852819383935836729414000709482076539890944591/
70701775730143912941769291551426622078320550841966485715380534201998437393354419/
93063081322652570355877017431053908805882925195011379884751380968594548835651612/
20194073591401483664221376889165338926108644596635581304989531003297062197999608/
09543351053911716063975926443992660186862404274531941179427623163396096x2 − 20103/
15677609239296966224595263682760068958175286548363376432846552165814201211023396/
90514905917185821646465510220351536083883466404520623626726869265388688248774859/
29393638173799198411263760686319013949082028813006925483717571236490229507563565/
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24566321719914951115285032222223348361395117542822642964058138081839739632527380/
144735873405737955147423956235277717509212828702688985756144238592x+ 480957404123/
03883405904058368793114819338547249811295617352588070406967510296802602942856634/
74952287554532805259845369359443286525460197855205982877052379844503781444429263/
63638928549735332604850561599810492196356796818556639656990812164802450218345851/
79435651099671173276655522316999170350787534643330580951332145555259884723651938561)
NOTE: The excessively long polynomial for this minimal energy for 18 points provides a
strong hint that obtaining the algebraic code for minimal energy for points > 18 is going to
quickly become intractable. GP-Pari found the 8th root of the polroots(poly(x10)) command to be
the correct root of this polynomial with huge coefficients only after extending precision to over 12,000
digits.
Coulomb 1/r potential -
For the spherical code, we let a and b be roots of A(x) where A(x) is an unknown algebraic polynomial
of degree > 480:
a = 0.6751471684502996248 . . . = a root of A(x)
b = 0.2034104243431649960 . . . = a root of A(x)
As stated before, more capable mathematical tools are needed to discover the algebraic number, as the
decimal values of a, and b are known to 50,014 digits, similarly for the minimum energy value which is
energy = 120.08446744749231864308798638022609878 . . ..
Inverse square law 1/r2 potential -
letf(x) = 31403151600910336x196 + 8407642195544244224x194
+ 1055673537097791176704x192 + 83007599346596586455040x190
+ 4575809607849871764275456x188 + 184773687073221458433242788x186
+ 5453323019930964616155245808x184 + 112282175519762189381115322289x182
+ 1404317605011834971424585433582x180 + 4612270393131975161590664549920x178
− 152041554742835474938694521144415x176 − 1705724149568660789414932318156291x174
+ 31411130116374507601322712986646320x172 + 1151783771973171002091177068360467930x170
+ 16901988691407695224508671314405219101x168
+ 146927867806382634761500824029519682618x166
+ 723564620168144139994720282028588896164x164
+ 494621875394290750415059292082509853736x162
− 21087835370504638426036070550811722340902x160
− 146018239458231958209935508555225147164742x158
− 129435685596309111204026664034450592844392x156
+ 4394476714345846528918794750472415532345520x154
+ 34295600723992661893110749908639250152030314x152
+ 115115757789617056925271733324745722112198777x150
− 20826140611135746163117950963461859219441962x148
− 2402088105828107290716948901325146443501248312x146
− 14174310758244536458122934035158295318193888343x144
− 45243003599993284917166048595126386870639078755x142
− 60330137534019447428474166229686096615583939960x140
+ 284772359001968581704583748303277453591459731130x138
+ 2809762647471768742513911640722869150699519918109x136
+ 12846576865618020863689870206973461712862894111256x134
+ 28314837260485826501380584778302040636544739184304x132
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− 31531768959658682365071948955819686531823359642848x130
− 455044641189813586346582978670085628086406852865640x128
− 1517700025477634021901415121486639734870962919414440x126
− 1945299294414137544252113427684591406293338320213024x124
+ 3429821206324237430347472850309835354605848483538904x122
+ 22889520301360565571093859974234546326725790843126840x120
+ 63182729955768082432027148831287197786852838412457186x118
+ 100939707327275642192630316582423425244822607078586556x116
− 7623448590860374037781849843254904698515131096048416x114
− 436934444797563522383376424786920673244094811746969662x112
− 1058609212978076401907057246886409838431531348244057638x110
− 1846153652534479444518815546985819741433540477330630464x108
− 2397518204892649068499671503031942058153853899701327820x106
− 748330347705709468962379792834194696923745922122927974x104
+ 1805146686805877620811771097938480395244808962619975036x102
+ 4148988744949951304737953263702433126468947530543173464x100
+ 8801007357603004190621940240212634462885107958626683440x98
+ 8813312244443671436483147008717720122337576967897027388x96
+ 8531777971693161870526811464047429153943597326587730876x94
+ 7613866437438510237986395927291631935573790541646633552x92
+ 5572112553043805388789724561386116235421178061979180080x90
+ 2877928053107318689162832268311997493479846394015755164x88
+ 417905659286082904047192874560774465363794879808450874x86
− 2324083806652453756619288828311046346372552858438129732x84
− 3945192449222137281348580368397621991797257266844244496x82
− 3490642653752956730177550370448442743648003418580109286x80
− 926966753064093933784947931443682359060427678014379902x78
+ 1403503058343378576147577172904375968089026441565845552x76
+ 1579037784594663168943242060732394993777179843216931780x74
+ 432031423945254437660964083489074303813047867966030338x72
− 354583804260482701683816886466720396046889414113862440x70
− 321604193875919768208827743173613506911764258629202256x68
− 20017456253538234599991402289606018044615677558023264x66
+ 67758385409108994167983652366590627431842121481613400x64
+ 19170367561415241352926833792268084778708067087646360x62
− 8028178840295601196205816315781710793186228516584864x60
− 4707753025103569948375293068939389281465561974745052x58
+ 1578753999220962191096691180804903472253493676527304x56
+ 762903773327851618260770699245222884519252399665805x54
− 537337071602136181543273846496183641425230738326698x52
+ 70591370889160371438198220242108166216521526260160x50
+ 93442967125071686844813881033770961089346191381437x48
− 56680913017080902891230978126279827147692836511991x46
+ 1940245742734836507760230175801457053437394966864x44
+ 8348295262152541572595060509667583635011275513266x42
− 3040670849353779058972452270592708183915913993175x40
+ 75605731159025143084715987638607460194812826970x38
+ 253347375477301158064652433029885532035583385508x36
− 90445524107163445513346531337783920980910132504x34
+ 12422725628364640073285569731186459157000582906x32
+ 1551436239041858782152684282890857894995966618x30
− 1185450973792042073653842883393420461369593640x28
+ 285363828544049124572623679533967615248908416x26
− 35689087546960003826485053301819428528986614x24
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+ 1691707659682436108262791425958734494534957x22
+ 83122040668556750206757648171547561201518x20
− 2534610747340695703497535590133538220920x18
− 1274019922501404641912766197935315809507x16
− 6348609513647865081388460945493362687x14 + 794317057079693927169728572567890952x12
+ 33213294747380755318486312961516994x10 + 247210670109825215212920653560833x8
+ 22789416663355912783375401624576x6 + 128531996519460884825736871936x4
+ 2725494326569170291690307584x2 + 37706458790564181808513024
For the spherical code, we let a and b be roots of f(x):
a = 0.6743335122024262360 . . . = a root of f(x)
b = 0.2007314823505518450 . . . = a root of f(x)
The minimal energy is only known as a real decimal value, the degree of its algebraic polynomial > 196.
energy = 104.31468528482482860938250508403941892 . . ..
Symmetries -
Symmetries - 18 points
planes [[4, 48], [16, 1], [20, 4]]]
Gram groups [[2, 1], [8, 2], [16, 12], [18, 1], [32, 3]]
Polygons [[4, 52], [6, 4]]
9.20. 19 points. The configuration for 19 points is significant, as a change occurs for the Inverse square
law 1/r2 configuration, when all 19 points are moved in such a way, that no planer figure can be found
among them, except trivial triangles for any 3 points.
For the logarithmic and Coulomb 1/r configurations, which are essentially the same structure, embed-
ded polygons are found, enabling the polyhedra to be parameterized.
Figure 22. 19 points - Log or
Coulomb potential.
Figure 23. 19 points - In-
verse square law potential.
For those two potentials, we discover that the odd number of points produces one lone pole, the other
18 points are balanced with respect to the equatorial plane, either as part of a dipole pair, or one of the
4 points of a rectangle.
Specifically, proceeding from the one lone pole, we find a rectangle, then a dipole, then another
rectangle, the largest, then two dipoles, oriented 90◦ with respect to each other, the nearest dipole to
the rectangle also oriented 90◦ to the first-most dipole which is next to the pole. After the two dipoles,
we come to another rectangle finishing the configuration. The 3 centroids of the rectangles are aligned
exactly with the axis of the lone pole. The arrangement is [1:4:2:4:2:2:4].
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19 point configurations were used as a check upon the percolating anneal algorithm, as 5 different
random groups of 19 points were used as a starting configuration, and in all 5 cases, the point set and
energy converged to 57 decimal points accuracy. A check of the Gram matrix also showed the quintuples
were identical after convergence.
It was a surprise to discover, however, that the Inverse square law 1/r2 potential resulted in no
embedded polygons in the 19 points and cannot be parameterized.
Parametric structure -
Table 19. Parameterized structure for 19 points
pt x y z
1 0 0 1
2 b
√
1− a2 − b2 a
3 −b −√1− a2 − b2 a
4 b −√1− a2 − b2 a
5 −b √1− a2 − b2 a
6
√
1− c2 0 c
7 −√1− c2 0 c
8 e
√
1− d2 − e2 d
9 −e −√1− d2 − e2 d
10 e −√1− d2 − e2 d
11 −e √1− d2 − e2 d
12 0 −
√
1− f2 f
13 0
√
1− f2 f
14
√
1− g2 0 g
15 −
√
1− g2 0 g
16 i
√
1− h2 − i2 h
17 −i −√1− h2 − i2 h
18 i −√1− h2 − i2 h
19 −i √1− h2 − i2 h
The parametric structure uses 9 parameters, a, b, c, d, e, f , g, h, and i.
logarithmic potential -
The values for the parameters have been found to very high precision (50,014 digits), however the
algebraic degree > 360 for this potential.
a = 0.6381528951337401855 . . .
b = 0.3831842970606347904 . . .
c = 0.5467365671168718879 . . .
d = −0.07231369021952538767 . . .
e = −0.7150404304460191670 . . .
f = −0.2005761421600021806 . . .
g = −0.3263507617273051298 . . .
h = −0.8257440365289970866 . . .
i = 0.3790800442392165742 . . .
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likewise for the energy:
energy = −49.19989156578651401 . . .
Coulomb 1/r potential -
Similarly the parameters have been located for the Coulomb potential:
a = 0.6384202837804736562 . . .
b = 0.3839817226765534235 . . .
c = 0.5402937261933615502 . . .
d = −0.07074005957424242974 . . .
e = 0.7175494647203290165 . . .
f = −0.1966975337708868157 . . .
g = −0.3327331842299849652 . . .
h = −0.8230779376210749545 . . .
i = 0.3819553076876148924 . . .
and for the energy:
energy = 135.0894675566793420 . . .
and the algebraic degree for the spherical code is > 480.
Inverse square law 1/r2 potential -
The Inverse square law 1/r2 potential moves the points slightly in such a way that no parameterization
became possible. A direct search using the points themselves has to be done.
This is the first configuration of points where a parameterization apparently is impossible for the
minimal energy under the Inverse Square 1/r2 potential.
Using the parameterized structure, as in the logarithmic or Coulomb potentials, the energy turned
out to be slightly higher than the actual minimum:
energy(parameterized) Ep = 118.8255644829909889 . . .
energy(minimum) Em = 118.8255636487880665 . . .
4(energy) = Ep − Em = 8.342029224022331538 . . . e-7
The decimal values for the coordinates of the 19 points under the Inverse square law 1/r2 potential
had to be obtained by direct search Jacobian matrix – Newton’s method instead. It simply would be
too tedious to obtain these values by the descent.3d or percolating anneal algorithms.
This search takes 38 parameters, and the point configuration is given below:
Direct Search – 19 points –
Table 22. Direct search for 19 points
pt x y z
1 b
√
1− a2 − b2 a
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Table 22 – 19 points search – cont.
pt x y z
2 d −√1− c2 − d2 c
3 f
√
1− e2 − f2 e
4 h −
√
1− g2 − h2 g
5 j −
√
1− i2 − j2 i
6 l
√
1− k2 − l2 k
7 n
√
1−m2 − n2 m
8 p −
√
1− o2 − p2 o
9 r −
√
1− q2 − r2 q
10 t −√1− s2 − t2 s
11 v
√
1− u2 − v2 u
12 x −√1− w2 − x2 w
13 z
√
1− y2 − z2 y
14 B
√
1−A2 −B2 A
15 D −√1− C2 −D2 C
16 F
√
1− E2 − F 2 E
17 H
√
1−G2 −H2 G
18 J −√1− I2 − J2 I
19 L
√
1−K2 − L2 K
The values of coordinates have been obtained to 60,013 digits precision, available in the r2.3.19.parm
file.
Symmetries -
The symmetry groups for the logarithmic and Coulomb 1/r potentials is known:
Symmetries - 19 points
planes [[4, 42], [10, 1], [12, 1]]
Gram groups [[2, 3], [4, 14], [8, 35], [19, 1]]
Polygons [[4, 45], [5, 1]]
The symmetry groups for the Inverse square law 1/r2 potential changes to:
Symmetries - 19 points
planes []
Gram groups [[2, 9], [4, 81], [19, 1]]
Polygons []
Please note that the 81 groups of tetrads in the Gram matrix hints at the regular order of this
configuration, but no planar structures are embedded among the points.
9.21. 20 points. The optimal arrangement for 20 points contains 4 triangles, one hexagon and two
poles. The hexagon is on the equator, 2 sets of triangles, rotated 180◦ with respect to each other, on
one side, then a pole, similarly for the opposite side. The arrangement is [1:3:3:6:3:3:1].
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Figure 24. 20 points.
Parametric structure -
Table 23. Parameterization for 20 points
pt x y z
1 0 0 1
2
√
1− a2 0 a
3 −
√
1−a2
2
√
3
√
1−a2
2 a
4 −
√
1−a2
2 −
√
3
√
1−a2
2 a
5 −√1− b2 0 b
6
√
1−b2
2
√
3
√
1−b2
2 b
7
√
1−b2
2 −
√
3
√
1−b2
2 b
8 c
√
1− c2 0
9 d
√
1− d2 0
10 e
√
1− e2 0
11 e −√1− e2 0
12 d −√1− d2 0
13 c −√1− c2 0
14
√
1−b2
2 −
√
3
√
1−b2
2 −b
15
√
1−b2
2
√
3
√
1−b2
2 −b
16 −√1− b2 0 −b
17 −
√
1−a2
2 −
√
3
√
1−a2
2 −a
18 −
√
1−a2
2
√
3
√
1−a2
2 −a
19
√
1− a2 0 −a
20 0 0 −1
The parametric structure uses 5 parameters, a, b, c, d, and e.
logarithmic potential -
The decimal values for the parameters have been determined to 50,014 digits. However the algebraic
degree is > 360 for this potential.
a = 0.6980302156823009886 . . .
b = 0.5371537469422876921 . . .
c = 0.9069309469841543857 . . .
d = −0.08862688856468946150 . . .
e = −0.8183040584194649242 . . .
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energy = −54.01112997458416356 . . .
Coulomb 1/r potential -
Similarly the parameters have been located for the Coulomb potential:
a = 0.6934858852542112728 . . .
b = 0.5422222757303874383 . . .
c = 0.9062454955978355516 . . .
d = −0.08700893177789533511 . . .
e = −0.8192365638199402165 . . .
and for the energy:
energy = 150.8815683337565034 . . .
and the algebraic degree for the spherical code is > 360.
Inverse square law 1/r2 potential -
The parameters also have been determined for the Inverse square law potential:
a = 0.6894142938281278435 . . .
b = 0.5468551803398145473 . . .
c = 0.9057332382851492562 . . .
d = −0.08580330607639148262 . . .
e = −0.8199299322087577735 . . .
and for the energy:
energy = 133.9369785684329726 . . .
While the decimal precision of the parameter values is accurately known to 50,014 digits, the algebraic
polynomials were not recovered. The polynomials must have degree > 360, if they are found.
Symmetries -
The symmetry groups for all 3 potentials is identical:
Symmetries - 20 points
planes [[4, 54], [8, 3], [20, 3], [24, 1]]
Gram groups [[2, 1], [6, 5], [12, 11], [20, 1], [24, 9]]
Polygons [[3, 4], [4, 60], [6, 4]]
9.22. 21 points. The polyhedra for 21 points has partial symmetry, but it is rather unique and required
18 parameters to fully constrain the figure. While the symmetry polygon groups showed squares and 2
heptagons, trying to set up the figure aligned on a square showed too many parameters would have to
be used. However aligning upon a heptagon revealed that the heptagon is NOT regular, and hence 7
parameters were required for that alone.
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Figure 25. 21 points.
The heptagon is highlighted in yellow.
Algebraic parameterization -
The algebraic parameterized structure is given below:
Table 25. Parameterization for 21 points
pt x y z
1 b −√1− a2 − b2 a
2 d
√
1− c2 − d2 c
3
√
1− e2 0 e
4 f
√
1− e2 − f2 e
5 h −
√
1− g2 − h2 g
6 i −
√
1− g2 − i2 g
7 k −
√
1− j2 − k2 j
8 l
√
1− l2 0
9 m −√1−m2 0
10 n
√
1− n2 0
11 o
√
1− o2 0
12 p −
√
1− p2 0
13 q
√
1− q2 0
14 r −√1− r2 0
15 k −
√
1− j2 − k2 −j
16 h −
√
1− g2 − h2 −g
17 i −
√
1− g2 − i2 −g
18 f
√
1− e2 − f2 −e
19
√
1− e2 0 −e
20 d
√
1− c2 − d2 −c
21 b −√1− a2 − b2 −a
NOTE: The parameterization above suggests that ALL point configurations could be set up this way
and only require 2 parameters per points. Indeed this is the case, however that reflects in spherical
coordinates (φ, θ, ρ), since ρ = 1, then only θ and φ change. We see this behavior here in the parameter
tables since all points are on the S2 sphere.
Parameterization values –
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Table 26. Parameter values for 21 points
Parameter log 1/r 1/r2
a 0.9972153605278213274 0.9973393074145580182 0.9974615439622348757
b -0.03489481469930750138 -0.03390188354653576863 -0.03293150836912674948
c 0.7018770304414993892 0.7012708203071860937 0.7008902972449793164
d 0.3332926741502225372 0.3315324960089965675 0.3298686089650181290
e 0.6609394617323170835 0.6611862673594078435 0.6616005559006836318
f -0.4218347726064498261 -0.4257172448949750270 -0.4290941670736423810
g 0.6525255598288283041 0.6544907612808201166 0.6553227532392476260
h 0.3769293850991284010 0.3751544353166537904 0.3745038347929542487
i -0.7555609085128865075 -0.7533910088183089325 -0.7522598853817577594
j 0.5343775883874167618 0.5288815289849839779 0.5259574583890506802
k -0.3955004858544503296 -0.3946867403884559194 -0.3933394069973158405
l 0.9527159863609153685 0.9512398555464450847 0.9501902243866868108
m 0.8479301445451463908 0.8510104453928346264 0.8533520217043249261
n 0.4679117597536944551 0.4650509689418503278 0.4624742817702815718
o -0.2842264525816205634 -0.2858051644714194939 -0.2881343801698224016
p 0.1078533280398298287 0.1205546286123695020 0.1296658538440677401
q -0.9150659309084105854 -0.9153200328835932232 -0.9158595061128591815
r -0.8828594370392068651 -0.8858082887690374015 -0.8873655851079998991
energy -59.00091213514238479 167.6416223992704410 150.3251227433946007
Symmetries -
The symmetry groups for all 3 potentials are identical:
Symmetries - 20 points
planes [[4, 32], [8, 1], [35, 2]]
Gram groups [[2, 6], [4, 24], [8, 39], [21, 1]]
Polygons [[4, 34], [7, 2]]
9.23. 22 points. The optimal configuration for 22 points consists of one pole, then two acute trian-
gles, then a stretched hexagon near the equator, then three more triangles, the triangles and hexagon
are parallel-plane and the line from the pole passes through the centroids of all the polygons. The
arrangement is [1:3:3:6:3:3:3].
Figure 26. 22 points.
Parametric structure -
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Table 27. Parameterized structure for 22 points
pt x y z
1 0 0 1
2
√
1− a2 0 a
3 −
√
1−a2
2
√
3−3a2
2 a
4 −
√
1−a2
2 −
√
3−3a2
2 a
5 −
√
2
3 0
√
1
3
6
√
1
6
√
1
2
√
1
3
7
√
1
6 −
√
1
2
√
1
3
8 c
√
1− b2 − c2 b
9 c −√1− b2 − c2 b
10 d
√
1− b2 − d2 b
11 d −√1− b2 − d2 b
12 e
√
1− b2 − e2 b
13 e −√1− b2 − e2 b
14 − 23
√
2 0 − 13
15
√
2
3
√
2
3 − 13
16
√
2
3 −
√
2
3 − 13
17
√
2
3 0 −
√
1
3
18 −
√
1
6
√
1
2 −
√
1
3
19 −
√
1
6 −
√
1
2 −
√
1
3
20 −
√
1− f2 0 f
21
√
1−f2
2
√
3−3f2
2 f
22
√
1−f2
2 −
√
3−3f2
2 f
The parametric structure uses 6 parameters, a, b, c, d, e, and f which were discovered later on to be
derived from 4 algebraic polynomials for all 3 potentials.
logarithmic potential -
The algebraic spherical code has been found for this potential. Let the following polynomials be
defined:
a(x) = 1701x7 + 108x6 − 1431x5 + 36x4 + 63x3 − 12x2 + 51x− 4
b(x) = 2893401x14 − 9759852x12 + 9017244x10 − 44064x8 − 2244240x6 + 210240x4
+ 160320x2 − 2048
c(x) = 964467x14 − 122472x13 − 2866428x12 + 1003104x11 + 5935761x10 − 2245320x9 − 9147978x8
+ 2623104x7 + 9881973x6 − 1596024x5 − 6175224x4 + 613152x3 + 1588647x2
− 177240x− 17378
d(x) = 133948309548816x28 − 615760615236312x26 + 1389731144428089x24 − 2506767990117372x22
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+ 4520740051544868x20 − 6995578973321016x18 + 8332668829477872x16
− 8304982392648096x14 + 7666397260136208x12 − 5961362623108128x10
+ 3199163617746432x8 − 987900759644544x6 + 133179792383232x4
− 1396375163904x2 + 85525504
then let
a = 0.7293924592514163468 . . . a root of c(x)
b = 0.07935488721519961829 . . . a root of a(x)
c = 0.9139184782999168457 . . . a root of d(x)
d = −0.1122247577403226282 . . . a root of b(x)
e = −0.8016937205595942175 . . . a root of d(x)
f = −0.8881022336818155834 . . . a root of c(x)
The energy polynomial has been found:
energy =− 64.20600776166054730 . . . = log(a root of 2588053261692056235625455974689531391243/
1729557072883075695847564932007266772650321354613741961057191648260644369903826/
006401246678598678738568569941919302870264850253367573009297895302498414553140/
715440546094805040283591990253290657818454660532363918392827227506117379543067/
166594839312530692887313254776929075324443352473531187552110145853486609344736/
361946730348409764237396151682952596933211179572367284208094842802928765546806/
25858280803615156808318543420811026366464x7 − 258028599427320297565699822417878/
447414691835527081431325168993128750160036338518659856934382190603642270863346/
108471826446558913066148748906215193922277172723835258631643699007100118228277/
307107176977154627362562534083776103716345014198813808230155103921214056324271/
679761585269071526574448029725938494727306709384779694353828365374588764979336/
364110771171344656502540597236541165437073505810744330741120340378895083612242/
528193550395377763483648x6 + 16833282612848153737290918125434464491942266388350/
063506058411602844457031962546204470767807612832847818490632918706019685899720/
478717587816267814606221508725783202555102779848946153953414282359984674012671/
830346899901759915525272529886184809508829060974026570487244125706262152709017/
548498401973383944954018105304534936430336391043520261057499541831165904310451/
1023786382888434231475229042172214113076565877068453117952x5 − 1758359160359315/
881447270522902988344766529958360141706021975333634653367844975788187213732493/
039342891147403469763264262820694566409942862895403973570618792818840536105398/
268601426712915228853975899026832652727068525835689511275443987117173607327548/
644130650836480438126489421171311131821429621046034129052984180270902758227169/
3566141062580155723029502264571381508822277004111501237568929792x4 + 3172291523/
382983292164676075503792085008254704263465632846105905501620096565469972884311/
378618877459115742400928628284322509755841948885019557561266995149028203640910/
057572827164810635181651172723119434416807729960949538982964274143068968902469/
116438128903797968256606353818987765604548162094470864517689071224034805745239/
30686856373379678151892981284627021824x3 − 163150664589794832134640591295747341/
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139032499953049357543403623959927532919596842015578557816050381431625915414479/
204103240689019729655550684702506709990692154740800116036066948086410247520686/
551825672302693414195174450065608876539509710874427490665566300517907919486998/
9636628149094345949957845048383082533393369808370160107520x2 − 745186319275479/
304669131773526962850703619650044711896100641648895935753066488375470439014266/
856206874061568588015127457699728364662297717750070591134596183486051122673652/
008324964740436041232187298205484732348512298701699190277606460293450517423757/
831900640511006856968077791413554626166784x− 21117289084166899734739778811894/
824981395151344306134044029420973675659755198350503440549428467901301953548795/
984157044867930729643440269086562234868314375084777836591270518332457756122607/
9019503576722231301101408152581092064329226639241590648203)
Coulomb 1/r potential -
Similarly the parameters have been located for the Coulomb potential:
a = 0.7277487398168151126 . . .
b = 0.08072697305800621906 . . .
c = 0.9146005785716013866 . . .
d = −0.1141651801479598416 . . .
e = −0.8004353984236415450 . . .
f = −0.8892026859328275507 . . .
and for the energy:
energy = 185.2875361493075820 . . .
and the algebraic degree for the spherical code is > 480.
Inverse square law 1/r2 potential -
The algebraic spherical code has also been determined for the Inverse square law 1/r2 potential.
Let the following polynomials be defined:
a(x) = 472392x16 + 505197x15 + 1259712x14 + 5024997x13 − 1166400x12 − 7260111x11 + 31104x10
+ 3979449x9 + 255312x8 − 1115289x7 − 53568x6 + 185391x5 − 16128x4 − 6597x3 + 3840x2
− 2317x+ 168
b(x) = 24794911296x32 − 53033560272x31 − 311643911133x30 + 2743587545904x29
+ 2721936639564x28 − 38400761741328x27 + 83815977635109x26 + 141551317071216x25
− 532899996509466x24 − 207662118306192x23 + 1403642340204867x22 + 52257770730864x21
− 2128972490243136x20 + 166165430721840x19 + 2135902577651325x18 − 23798429240400x17
− 1705479562133982x16 − 393602125086576x15 + 1430294663939265x14 + 579607833079440x13
− 1171805322609252x12 − 442997359888176x11 + 656576540961831x10 + 284119432143696x9
− 204171773263830x8 − 188047841542704x7 + 67923527451993x6 + 86965369183440x5
− 52148498654184x4 − 15314781956592x3 + 17324074418359x2
− 1472704852080x− 100684279602
c(x) = 111577100832x32 + 934931733399x30 − 9184697106948x28 − 83297167393356x26
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+ 564986627305056x24 − 1456891190591760x22 + 2177887691709504x20
− 2162107552423104x18 + 1503531434382336x16 − 724165828326144x14 + 218558329242624x12
− 27591723795456x10 − 5709220651008x8 + 2759555469312x6 − 174030077952x4
− 66818031616x2 + 924844032
d(x) = 12748236216396078174437376x64 − 492893683534492079224135680x62
+ 10429642314758465150355744912x60 − 144031497264720456920422650648x58
+ 1321175051794900688676895926513x56 − 8475789436765902736771956104484x54
+ 128969331786335907773221327035588x52 − 1025931364596101003898190164957792x50
+ 4496214128620565028367348543722528x48 − 12778042681906716967988820283777968x46
+ 25992180246053610277742651860107360x44 − 40292904661774663631462671553774784x42
+ 49687263157134060295692125439007872x40 − 50379261715587487079230525462747392x38
+ 43424825233410185308185561018219072x36 − 33205796278489660249408815854964864x34
+ 23682804205076694615078533889372672x32 − 16353428969235057759406169225339904x30
+ 10975670896492433808386988393784320x28 − 6990470597711596867787824319784960x26
+ 4066461559876684057471735940874240x24 − 2016358740422299334549403763826688x22
+ 736015327835052723058113304707072x20 − 147019341960177733715688227930112x18
+ 30052963295632558124257958166528x16 − 65159815573468810216690855575552x14
+ 70107867952828981554785010057216x12 − 41513362888712907881184617299968x10
+ 16231925015609001203188676689920x8 − 4129883670351075080509077848064x6
+ 524271703275498208600803770368x4 − 7431861139235886307309780992x2
+ 3509541404990926303002624
then the parameters are roots of the polynomials:
a = 0.7261505868988778041 . . . a root of b(x)
b = 0.08205723688026544899 . . . a root of a(x)
c = 0.9152570778468481725 . . . a root of d(x)
d = −0.7992106205599150556 . . . a root of d(x)
e = −0.1160464572869331169 . . . a root of c(x)
f = −0.8902650606594087021 . . . a root of b(x)
and for the energy:
energy = 167.6657856364984302 . . . a root of E22
with the polynomial E22 for the minimum energy given by
E22 = 536870912x38 − 849061347328x37 + 617262264352768x36 − 273893662826430464x35
+ 83052981864535949312x34 − 18257258188385905803264x33
+ 3011522863648204458164224x32 − 380534292974393628982444032x31
+ 37268900572129290388293115904x30 − 2843172608546179940154814992384x29
+ 168800893079672767742190711363072x28 − 7746173601437329275248608481420544x27
+ 270958586078582827447953343855936736x26 − 7056005260481588606830526674498057488x25
+ 131522373719849859329220333364950365742x24
− 1637183948660058102301401192337429178709x23
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+ 11772210466900020878144287476608456973929x22
− 30018118814568920564060273990791883857916x21
− 81100981726919064693993121083775856258463x20
− 35821444597459154524448623101842701906496x19
+ 224662365901753751865491463740755617957886x18
+ 28013628473795083245016389714934049266505x17
− 9024876107074338167148106855556229836109x16
+ 22979673943661815022852220965556253219862x15
+ 110222888609848042598535263326630674717362x14
− 31315146307987784058942022287800793532353x13
− 110723897466037210791418425047730181551966x12
− 113040734960226389531886021838560912902286x11
− 271462393896255999103805115003516413714103x10
− 11155703477528266731656505030457778824008x9
+ 46014173721142348782036310108424710409637x8
+ 55641130745524838538237349526328622733349x7
− 23530383295416886415683809682696370548770x6
+ 123772707320625250642615457982390862333671x5
− 57664040277072034991139555118230893984481x4
+ 217836134163059146817210517684826659158946x3
− 78680956102867977550797844174034524314987x2
+ 18660531450590089490994811367532675538869x
− 91437892323110947361247296887555519526883
Symmetries -
The symmetry groups for all 3 potentials is identical:
Symmetries - 22 points
planes [[4, 120], [12, 3], [20, 6], [25, 4]]
Gram groups [[6, 1], [12, 2], [22, 1], [24, 10], [48, 4]]
Polygons [[3, 20], [4, 129], [6, 10]]
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9.24. 23 points. For 23 points, when looking at the only symmetry, 7 parallel triangles, more carefully,
it was discovered that this figure has a balanced [1:3:3:3:3:3:3:3:1] arrangement, with an equilateral
triangle on the equator, and 3 more on either side, but significantly rotated with respect to each other.
Figure 27. 23 points.
Parameterized Structure –
After noticing this key fact of 7 parallel triangles, a parameterization was successfully obtained.
Table 28. Parameterization for 23 points –
pt x y z
1 0 0 1
2 b
√
1− a2 − b2 a
3 −b−
√
3
2
√
1− a2 − b2 b
√
3−√1−a2−b2
2 a
4 −b+
√
3
2
√
1− a2 − b2 −b
√
3−√1−a2−b2
2 a
5 d −√1− c2 − d2 c
6 −d+
√
3
2
√
1− c2 − d2 d
√
3+
√
1−c2−d2
2 c
7 −d−
√
3
2
√
1− c2 − d2 −d
√
3+
√
1−c2−d2
2 c
8 f
√
1− e2 − f2 e
9 −f−
√
3
2
√
1− e2 − f2 f
√
3−
√
1−e2−f2
2 e
10 −f+
√
3
2
√
1− e2 − f2 −f
√
3−
√
1−e2−f2
2 e
11 1 0 0
12 − 12
√
3
2 0
13 − 12 −
√
3
2 0
14 f −
√
1− e2 − f2 −e
15 −f+
√
3
2
√
1− e2 − f2 f
√
3+
√
1−e2−f2
2 −e
16 −f−
√
3
2
√
1− e2 − f2 −f
√
3+
√
1−e2−f2
2 −e
17 d
√
1− c2 − d2 −c
18 −d−
√
3
2
√
1− c2 − d2 d
√
3−√1−c2−d2
2 −c
19 −d+
√
3
2
√
1− c2 − d2 −d
√
3−√1−c2−d2
2 −c
20 b −√1− a2 − b2 −a
21 −b+
√
3
2
√
1− a2 − b2 b
√
3+
√
1−a2−b2
2 −a
22 −b−
√
3
2
√
1− a2 − b2 −b
√
3+
√
1−a2−b2
2 −a
23 0 0 −1
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The values to 19 digits of the parameters optimized for the minimal solutions of 23 points are:
Parameter log 1/r 1/r2
a 0.7340917690492719012 0.7310318038872114760 0.7281967383910171980
b 0.6394869826704419718 0.6438361580150366677 0.6480289594830250432
c 0.6136317746144812205 0.6135985939094442390 0.6132564278157956058
d 0.6293719233011343503 0.6249423636891649152 0.6206910170628525391
e 0.1418558536006295830 0.1406492270986577138 0.1397764134860746589
f 0.7497476107917851120 0.7491741097328619614 0.7487568007366313359
energy -69.57838259252510490 203.9301906628785362 186.4037128696907775
They are all known to 50,014 digits precision, for all 3 potentials, but again, attempts to find the
algebraic numbers for the parameters have failed, the algebraic degree > 360.
Symmetries -
The symmetry groups for all 3 potentials are identical for 23 points.
Symmetries - 23 points
planes [[7, 1]]
Gram groups [[2, 1], [6, 10], [12, 37], [23, 1]]
Polygons [[3, 7]]
The 7 parallel triangles are the only polygons embedded in this configuration, interestingly enough.
9.25. 24 points. The optimal solution for 24 points contains embedded squares, it was discovered that
a workable alignment contains 6 squares with the z-axis aligned through the centroids of the squares.
The arrangement is [4:4:4:4:4:4], where 4 denotes a square.
Figure 28. 24 points.
Parametric structure -
A parametric structure was found for 24 points, using 9 parameters, a, b, c, d, e, f , g, h, and i:
Table 30. Parameterization for 24 points
pt x y z
1 b
√
1− a2 − b2 a
2
√
1− a2 − b2 −b a
3 −b −√1− a2 − b2 a
4 −√1− a2 − b2 b a
5 d
√
1− c2 − d2 c
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Table 30 – 24 points – continued. . .
pt x y z
6
√
1− c2 − d2 −d c
7 −d −√1− c2 − d2 c
8 −√1− c2 − d2 d c
9 f
√
1− e2 − f2 e
10
√
1− e2 − f2 −f e
11 −f −
√
1− e2 − f2 e
12 −
√
1− e2 − f2 f e
13 g
√
1− e2 − g2 −e
14
√
1− e2 − g2 −g −e
15 −g −
√
1− e2 − g2 −e
16 −
√
1− e2 − g2 g −e
17 h
√
1− c2 − h2 −c
18
√
1− c2 − h2 −h −c
19 −h −√1− c2 − h2 −c
20 −√1− c2 − h2 h −c
21 i
√
1− a2 − i2 −a
22
√
1− a2 − i2 −i −a
23 −i −√1− a2 − i2 −a
24 −√1− a2 − i2 i −a
Unfortunately for all 3 potentials, no algebraic polynomial of degree < 360 was discovered.
Parameterization values –
Table 31. Parameter values for 24 points
Parameter log 1/r 1/r2
a 0.8624744511248889895 0.8616157394691719940 0.8607395756746204637
b 0.3562946772141632259 0.3588999286005723978 0.3599495679032510744
c 0.4395840425428552288 0.4415679900467134637 0.4434758265238369016
d 0.01050597855609840377 0.01159706995212176130 0.009278990123764351111
e 0.2508060818610719374 0.2502719074628582630 0.2499131332212735685
f 0.7131286545805561954 0.7127751741154940637 0.7098035240999151707
g 0.1923792391932357068 0.1959747357332816245 0.1957137667180801688
h 0.7637175417435373665 0.7637562252327480142 0.7618476430257817818
i 0.1238325294140447517 0.1235412117021585841 0.1214706723830686456
energy -75.21398478862851694 223.3470740518051052 205.6584379977072105
It is hoped that the algebraic polynomials might be recovered for this configuration of 24 points, at least
under 1 potential.
Symmetries -
The symmetry groups are identical for 24 points under all 3 potentials:
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Symmetries - 24 points
planes [[8, 4], [24, 3]]
Gram groups [[24, 10], [48, 7]]
Polygons [[3, 32], [4, 18]]
9.26. 25 points. After some consideration of the symmetry groups, it was decided to parameterize the
point set, but the embedded pentagon was irregular, however it was on an equator. It turns out that 24
parameters are necessary to constrain the structure of the point configuration.
Figure 29. 25 points.
The embedded pentagon is highlighted in yellow in figure 29.
Parametric structure -
A parametric structure was found for 25 points, using 24 parameters, a− x, but no polygon was used
as an embedded constraint. The situation is actually a direct point constrained type of search.
Table 32. Parameterization for 25 points
pt x y z
1 b
√
1− a2 − b2 a
2 d −√1− c2 − d2 c
3 f −
√
1− e2 − f2 e
4 h
√
1− g2 − h2 g
5 j
√
1− i2 − j2 i
6 l
√
1− k2 − l2 k
7 n
√
1−m2 − n2 m
8 p −
√
1− o2 − p2 o
9 r −
√
1− q2 − r2 q
10 t −√1− s2 − t2 s
11 1 0 0
12 u
√
1− u2 0
13 v
√
1− v2 0
14 w
√
1− w2 0
15 x −√1− x2 0
16 t −√1− s2 − t2 −s
17 r −
√
1− q2 − r2 −q
18 p −
√
1− o2 − p2 −o
19 n
√
1−m2 − n2 −m
20 l
√
1− k2 − l2 −k
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Table 32 – 25 points – continued. . .
pt x y z
21 j
√
1− i2 − j2 −i
22 h
√
1− g2 − h2 −g
23 f −
√
1− e2 − f2 −e
24 d −√1− c2 − d2 −c
25 b
√
1− a2 − b2 −a
Parameterization values –
Table 33. Parameter values for 25 points
Parameter log 1/r 1/r2
a 0.9748400482776597105 0.9751821992500684939 0.9755092092721821243
b -0.03422946851960271674 -0.03123602076239851574 -0.02863828272626720468
c 0.8738307687010033467 0.8720231895972047146 0.8703290253723059420
d 0.3119389150694342939 0.3114825717454717616 0.3114200305543287559
e 0.7632084283804168806 0.7640457322810302437 0.7651370478385824907
f -0.3705972251105773610 -0.3727771061620920591 -0.3744006206848329942
g 0.7199369033886241052 0.7195890586039713739 0.7188736896484927827
h -0.6580466682056721329 -0.6588336948752226961 -0.6598248588308915649
i 0.6485304089108194685 0.6502690064498257011 0.6515986500287267937
j 0.7410345585219819283 0.7399075515191026582 0.7390887130742449337
k 0.6296976591376905007 0.6273440654023089354 0.6253307435492714428
l 0.2901253289916902046 0.2902387849243536460 0.2905173872831476453
m 0.4053729526955878345 0.4060219631153653671 0.4058193304142052376
n -0.4435906951787374045 -0.4423711901494016314 -0.4414501091940891950
o 0.3588865023298887721 0.3597520916705570228 0.3608411398452656937
p 0.1061337532401854996 0.1069139035885959770 0.1073401811458837796
q 0.3483221777082064666 0.3482226170044710232 0.3481786113138171417
r 0.7289803113831196293 0.7312643708675318560 0.7333559841824886316
s 0.3436290173807913696 0.3419594895646984177 0.3407312707655539995
t -0.8865497960927564253 -0.8873815641901340489 -0.8878527312909185546
u 0.7548398673944465477 0.7544231966150258870 0.7540570111554236954
v 0.1113197258584147103 0.1107650830530035312 0.1108931283047425362
w -0.9192023080455600329 -0.9199013678639954006 -0.9208416685184383615
x -0.5173553134054322557 -0.5187105602738805705 -0.5198136192911186486
energy -80.99750999019678051 243.8127602987657369 226.5450772595475468
Minimal Energy values -
The coordinates for 25 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 25 points
logarithmic -80.99750999019678051. . .
Coulomb 243.8127602987657369. . .
Inverse square law 226.5450772595475468. . .
Symmetries -
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The symmetry groups are identical for 25 points under all 3 potentials:
Symmetries - 25 points
planes [[4, 45], [10, 1]]
Gram groups [[2, 20], [4, 140], [25, 1]]
Polygons [[4, 45], [5, 1]]
9.27. 26 points. The configuration for 26 points does not admit a parameterization for all 3 potentials.
This is the first time that this occurs for all 3 potentials, although 19 points for the Inverse square law
1/r2 potential does not admit a parameterization.
It is quite an interesting discovery that minimal energy configurations can contain no embedded poly-
gons (except the trivial triangles).
Figure 30. 26 points.
Minimal Energy values -
The coordinates for 26 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 26 points
logarithmic -87.00942305704718702. . .
Coulomb 265.1333263173565392. . .
Inverse square law 248.2671389221036336. . .
Symmetries -
The symmetry groups are identical for 26 points under all 3 potentials:
Symmetries - 26 points
planes []
Gram groups [[2, 13], [4, 156], [26, 1]]
Polygons []
9.28. 27 points. Initially, the optimal configuration for 27 points was ignored for parameterization, due
to the odd number of points, but after examining the symmetry groups, it was decided to check all 3
potentials anyways.
A preferable alignment was obtained, which put 3 pentagons in a parallel-plane alignment, with 2
poles, the pole axis passing through the centers of the pentagons. Conveniently, one pentagon is located
on the equator. This arrangement is [1:5:5:5:5:5:1]. The pentagons in figure 31 are alternately colored
yellow and cyan.
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Figure 31. 27 points.
Constrained parameterization -
A parameterization was thus obtained:
Let a and b be 2 algebraic parameters, and m and n from a and b respectively, then let c1, c2, s1 and s2
be constants for creating a regular pentagon; all defined as:
c1 =
√
5− 1
4
c2 =
√
5 + 1
4
s1 =
√
10 + 2
√
5
4
s2 =
√
10− 2√5
4
m =
√
1− a2 n =
√
1− b2
then the parameterization of 27 points is successfully accomplished:
Table 34. Parameters for 27 points
pt x y z
1 0 0 1
2 m 0 a
3 c1m s1m a
4 −c2m s2m a
5 −c2m −s2m a
6 c1m −s1m a
7 −n 0 b
8 −c1n −s1n b
9 c2n −s2n b
10 c2n s2n b
11 −c1n s1n b
12 1 0 0
13 c1 s1 0
14 −c2 s2 0
15 −c2 −s2 0
16 c1 −s1 0
17 −n 0 −b
18 −c1n −s1n −b
19 c2n −s2n −b
20 c2n s2n −b
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Table 34 – 27 points – cont.
pt x y z
21 −c1n s1n −b
22 m 0 −a
23 c1m s1m −a
24 −c2m s2m −a
25 −c2m −s2m −a
26 c1m −s1m −a
27 0 0 −1
Spherical codes -
The algebraic number was successfully recovered for the logarithmic potential. Unfortunately a search
for the algebraic polynomials for a and b for the Coulomb or Inverse square potentials has failed to
uncover any with degree < 360 even though the spherical codes are known to 50,014 digits.
Logarithmic potential -
Let the following polynomial be defined:
f(x) = 1216317681592371164083264000000x140 + 183491886158513882495311143040000x138
+ 13266184192578719000088327853017600x136 + 611762340031238753408375379716968320x134
+ 20201573276377960197232174927951327696x132
+ 508353855838310930890336987690699932740x130
+ 10127332828682321341107824026483487761120x128
+ 163786222858509079620015377666032552374745x126
+ 2187432611814481471102174015520709971340725x124
+ 24407581558045048436881425026354620909720525x122
+ 229272412585134595674886547591938043326494025x120
+ 1820938484893431876744710991658567249750376625x118
+ 12244835621182215840770032562854184289078310125x116
+ 69602799529249419835432371939603727135740379125x114
+ 332753300752855480356375966235683293774425060625x112
+ 1325100965006541694499567599022061306975075460625x110
+ 4322096782936211238772813545214881816648977498125x108
+ 11202058862824085405799672389489230227577511053125x106
+ 21674706885351371743421252214906730124373489790625x104
+ 26211143785941643622578669540447994973164956015625x102
+ 1838885029290492457203494075160532587521168953125x100
− 66686794117260215673929263194680026847805110171875x98
− 132531054679314755872135450541220685808481887984375x96
− 75433370596586409657703414134832648760026569921875x94
+ 146399199122142718186911729756393179707018534765625x92
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+ 300308440042103407071017086560910129969471386640625x90
+ 78656966610742652309399575542921847102732973828125x88
− 327283816765513265019942969882270930401144873046875x86
− 302475277152452143843445538855397932006814780859375x84
+ 164422817079319302304675011749617840358935634765625x82
+ 319296354219545048743140058053743513996761939453125x80
− 23632805922699457178896077047015540322188591796875x78
− 203122992361078029592371918490161017461587099609375x76
− 7263564453786815622851688344978213997208115234375x74
+ 91460763616108429681346043043185102836924814453125x72
− 8796233145525578575542719936660712504981982421875x70
− 29949858575466304731146311719218672962180615234375x68
+ 14272825484594435996976907220005401710124072265625x66
+ 6284403663119039717575910679099902379655517578125x64
− 8033869182023186100769828097704587979626220703125x62
− 202810736109082381235495363009932498261962890625x60
+ 2474562728919976271999614644088630834818115234375x58
− 453996948315498890152072177159472477325439453125x56
− 420587072016337581007972361541790783468017578125x54
+ 217986131173780918244923793256115400091552734375x52
+ 21194259600009861439220138770294016253662109375x50
− 62379087403209195452479582153446949053955078125x48
+ 7048575661875721592884782523980382781982421875x46
+ 12752340697779295911795027057829865325927734375x44
− 1803929464584725776386519939595644195556640625x42
− 1910234029290474519011255422721430206298828125x40
+ 189548963796025381200024614427562713623046875x38
+ 205934103851505136470360192012946624755859375x36
− 7469727589898383872940354909903717041015625x34
− 15368380455734066708067584954566192626953125x32
− 398604557454446026883205555271148681640625x30
+ 748229752710951140728646615764617919921875x28
+ 61306377944844628929407601757049560546875x26
− 21566591372675028417421342563629150390625x24
− 2974856922287427599845699405670166015625x22
+ 295211366268221293687586498260498046875x20
+ 68500283682788640215350627899169921875x18 − 72850670006427596361637115478515625x16
− 700617088321181672937870025634765625x14 − 37352991647147328751087188720703125x12
+ 1774553986930528628826141357421875x10 + 234814160952770841121673583984375x8
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+ 8729774004736840724945068359375x6 + 143172778267085552215576171875x4
+ 957711039483547210693359375x2 + 1319848001003265380859375
then let:
a = 0.7538089984441335383 . . . a root of f(x)
b = 0.3604942753234939635 . . . a root of f(x)
and for the energy:
energy = −93.25198640000452027 . . .
Coulomb 1/r potential -
a = 0.7538564449703482744 . . .
b = 0.3589242703564896574 . . .
and for the energy:
energy = 287.3026150330391631 . . .
Algebraic polynomial > 360 degree.
Inverse square 1/r2 potential -
a = 0.7539171374221273508 . . .
b = 0.3574199262261141346 . . .
and for the energy:
energy = 270.7984042081812851 . . .
Algebraic polynomial > 360 degree.
Symmetries -
The symmetry groups are identical for 27 points under all 3 potentials:
Symmetries - 27 points
planes [[4, 200], [16, 5], [35, 5], [50, 1]]
Gram groups [[2, 1], [10, 4], [20, 17], [27, 1], [40, 8]]
Polygons [[4, 220], [5, 5], [7, 5]]
9.29. 28 points. The constrained configuration for 28 points is interesting, it consists of 1 pole and 9
triangles in a 1:3:3:3:3:3:3:3:3:3 arrangement. It requires 16 parameters a - o to constrain the arrange-
ment.
Figure 32. 28 points.
In this figure 32, the embedded 9 co-planar triangles are shown in alternating yellow and cyan colors.
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Constrained parameterization -
Table 38. Parameterization for 28 points
pt x y z
1 0 0 1
2 b −√1− a2 − b2 a
3 −
√
3
√
1−a2−b2−b
2 −
√
3b−√1−a2−b2
2 a
4
√
3
√
1−a2−b2−b
2 −−
√
1−a2−b2−√3b
2 a
5 d
√
1− c2 − d2 c
6 −
√
3
√
1−c2−d2−d
2
√
3d−√1−c2−d2
2 c
7
√
3
√
1−c2−d2−d
2
−√1−c2−d2−√3d
2 c
8 f
√
1− e2 − f2 e
9
−√3
√
1−e2−f2−f
2
√
3f−
√
1−e2−f2
2 e
10
√
3
√
1−e2−f2−f
2
−
√
1−e2−f2−√3f
2 e
11 h −
√
1− g2 − h2 g
12
−√3
√
1−g2−h2−h
2 −
√
3h−
√
1−g2−h2
2 g
13
√
3
√
1−g2−h2−h
2 −
−
√
1−g2−h2−√3h
2 g
14 j
√
1− i2 − j2 i
15
−√3
√
1−i2−j2−j
2
√
3j−
√
1−i2−j2
2 i
16
√
3
√
1−i2−j2−j
2
−
√
1−i2−j2−√3j
2 i
17 23
√
2 0 − 13
18 −
√
2
3
√
2
3 − 13
19 −
√
2
3 −
√
2
3 − 13
20 l −√1− k2 − l2 k
21 −
√
3
√
1−k2−l2−l
2 −
√
3l−√1−k2−l2
2 k
22
√
3
√
1−k2−l2−l
2 −−
√
1−k2−l2−√3l
2 k
23 n
√
1−m2 − n2 m
24 −
√
3
√
1−m2−n2−n
2
√
3n−√1−m2−n2
2 m
25
√
3
√
1−m2−n2−n
2
−√1−m2−n2−√3n
2 m
26 p −
√
1− o2 − p2 o
27
−√3
√
1−o2−p2−p
2 −
√
3p−
√
1−o2−p2
2 o
28
√
3
√
1−o2−p2−p
2 −
−
√
1−o2−p2−√3p
2 o
Parameterization values –
Table 39. Parameter values for 28 points
Parameter log 1/r 1/r2
a 0.7907708157515443835 0.7899009401486432163 0.7890262437836545087
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Table 39 – 28 points parameters – continued
Parameter log 1/r 1/r2
b 0.5947229186382124928 0.5957394888529532691 0.5967238615644449130
c 0.6679507326864148493 0.6688958370340451721 0.6695846149511056347
d 0.4959390043217711336 0.4962265397070834826 0.4966443708261904194
e 0.2971198730109991089 0.2983682631351601216 0.2995879040828373313
f 0.9437868477891841413 0.9433055779439641978 0.9428090305395777610
g 0.2449255331189668743 0.2448815892974706984 0.2450459316153989162
h 0.7950629915487061674 0.7960498896013280029 0.7968385526888769798
i -0.003384550570525765522 -0.004976051626784320694 -0.006389697496857813468
j 0.7072721195417864797 0.7077118734869209250 0.7079426335002857609
k -0.4256627251957432557 -0.4253884685862338868 -0.4249805760090653975
l 0.6882446095313745062 0.6874189314791589315 0.6866353876860705716
m -0.6622279635668002367 -0.6628807346975694511 -0.6636335718574264425
n 0.6046061674087812837 0.6034527355558161951 0.6022588118286400375
o -0.9094917152348559581 -0.9088013747047315498 -0.9082408490696467374
p 0.3869148592338547215 0.3881613660086515981 0.3890901010512777794
energy -99.65860938412481523 310.4915423582018490 294.8784716100522203
After checking the 16 parameters to 50,014 digits, the algebraic degree for the minimal polynomials
is > 360.
Symmetries -
The symmetry groups are identical for 28 points under all 3 potentials:
Symmetries - 28 points
planes [[9, 4]]
Gram groups [[12, 7], [24, 28], [28, 1]]
Polygons [[3, 36]]
9.30. 29 points. Although the logarithmic potential for 29 points has no embedded polygons, neverthe-
less the other two potentials have a configuration which admits parameterization. These configurations
for the Coulomb 1/r and Inverse Square 1/r2 consist of a pole and antipole and 9 co-planar triangles
whose centroids are aligned with the poles. This is an 1:3:3:3:3:3:3:3:3:3:1 arrangement. The logarithmic
potential would require 58 parameters to constrain, using a direct method on the points.
Figure 33. 29 points.
Parameterization for the Coulomb and Inverse Square potentials
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Table 40. Parameterization for 29 points
pt x y z
1 0 0 1
2 b
√
1− a2 − b2 a
3 −
√
3
√
1−a2−b2−b
2
b
√
3−√1−a2−b2
2 a
4
√
3
√
1−a2−b2−b
2
−√1−a2−b2−b√3
2 a
5 d
√
1− c2 − d2 c
6 −
√
3
√
1−c2−d2−d
2
d
√
3−√1−c2−d2
2 c
7
√
3
√
1−c2−d2−d
2
−√1−c2−d2−d√3
2 c
8 f −
√
1− e2 − f2 e
9
−√3
√
1−e2−f2−f
2 −
f
√
3−
√
1−e2−f2
2 e
10
√
3
√
1−e2−f2−f
2 −
−
√
1−e2−f2−f√3
2 e
11 h
√
1− g2 − h2 g
12
−√3
√
1−g2−h2−h
2
h
√
3−
√
1−g2−h2
2 g
13
√
3
√
1−g2−h2−h
2
−
√
1−g2−h2−h√3
2 g
14 1 0 0
15 − 12
√
3
2 0
16 − 12 −
√
3
2 0
17 h −
√
1− g2 − h2 −g
18
−√3
√
1−g2−h2−h
2 −
h
√
3−
√
1−g2−h2
2 −g
19
√
3
√
1−g2−h2−h
2 −
−
√
1−g2−h2−h√3
2 −g
20 f
√
1− e2 − f2 −e
21
−√3
√
1−e2−f2−f
2
f
√
3−
√
1−e2−f2
2 −e
22
√
3
√
1−e2−f2−f
2
−
√
1−e2−f2−f√3
2 −e
23 d −√1− c2 − d2 −c
24 −
√
3
√
1−c2−d2−d
2 −d
√
3−√1−c2−d2
2 −c
25
√
3
√
1−c2−d2−d
2 −−
√
1−c2−d2−d√3
2 −c
26 b −√1− a2 − b2 −a
27 −
√
3
√
1−a2−b2−b
2 − b
√
3−√1−a2−b2
2 −a
28
√
3
√
1−a2−b2−b
2 −−
√
1−a2−b2−b√3
2 −a
29 0 0 −1
Parameterization values for the Coulomb and Inverse Square potentials–
It was found that only 8 parameters are needed to constrain the 29 points
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Table 41. Parameter values for 29 points
Parameter log 1/r 1/r2
a - 0.8049835831969647230 0.8039411075798132358
b - 0.2794055079959605373 0.2808816029091532881
c - 0.6677576661310917280 0.6703429832839722148
d - 0.7435575225885066573 0.7413020298254826231
e - 0.3208350404562844680 0.3222927507118441673
f - 0.7622654414203364054 -0.8675984615141489508
g - 0.3015513170785488457 0.3029954853682648017
h - 0.7247225871913261335 0.7246961356257399080
energy -106.2545711708346378 334.6344399204156906 320.2160317560987546
After checking the 16 parameters to 50,014 digits, the algebraic degree for the minimal polynomials
is > 360.
The coordinates for 29 points are known to 77 digits for the logarithmic potential.
Symmetries -
NOTE: The symmetries for the logarithmic potential does not permit a parameterization.
Symmetries - 29 points - logarithmic
planes []
Gram groups [[2, 14], [4, 196], [29, 1]]
Polygons []
The symmetry groups for the Coulomb 1/r and Inverse square law 1/r2 potentials are identical.
Symmetries - 29 points - Coulomb or Inverse sq
planes [[9, 1]]
Gram groups [[2, 1], [6, 13], [12, 61], [29, 1]]
Polygons [[3, 9]]
9.31. 30 points. The configuration of 30 points has a symmetric arrangement, and one quadrilateral
appears at the equator, as shown by the symmetry groups, but it requires 20 parameters to constrain.
The configuration is the same for all 3 potentials, although distances slightly change in each case.
Figure 34. 30 points.
The kite quadrilateral embedded in the configuration is outlined in yellow. This corresponds to the [4,14]
polygon group shown in the symmetry groups. The other 26 points had to be individually constrained.
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Parameterization for all 3 potentials
Table 42. Parameterization for 30 points
pt x y z
1 −b √1− a2 − b2 a
2 b −√1− b2 − c2 c
3 e
√
1− d2 − e2 d
4 −e −
√
1− e2 − f2 f
5 h
√
1− g2 − h2 g
6 −h −√1− h2 − i2 i
7 −k
√
1− j2 − k2 j
8 k −√1− k2 − l2 l
9 −n √1−m2 − n2 m
10 n −√1− n2 − o2 o
11 q
√
1− p2 − q2 p
12 −q −
√
1− q2 − r2 r
13 t
√
1− s2 − t2 s
14 1 0 0
15 −t √1− t2 0
16 −t −√1− t2 0
17 −1 0 0
18 t −√1− s2 − t2 −s
19 −q
√
1− q2 − r2 −r
20 q −
√
1− p2 − q2 −p
21 n
√
1− n2 − o2 −o
22 −n −√1−m2 − n2 −m
23 k
√
1− k2 − l2 −l
24 −k −
√
1− j2 − k2 −j
25 −h √1− h2 − i2 −i
26 h −
√
1− g2 − h2 −g
27 −e
√
1− e2 − f2 −f
28 e −√1− d2 − e2 −d
29 b
√
1− b2 − c2 −c
30 −b −√1− a2 − b2 −a
Parameterization values –
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Table 43. Parameter values for 30 points
Parameter log 1/r 1/r2
a 0.9486527267413356788 0.9479246620637078755 0.9473564675102344637
b 0.3066734200644118059 0.3086684605898085157 0.3103675967559615939
c 0.9366966646890613759 0.9375329394737162094 0.9381957682673322194
d 0.8348763939425380052 0.8330520838115783220 0.8316900668842572719
e 0.1615635634965170551 0.1587264754655424326 0.1560736352850945125
f 0.7800307273926152722 0.7839095808737609976 0.7870515390893629380
g 0.6114046189205064800 0.6088759699493982358 0.6070039615681473432
h 0.7189758666937269015 0.7197644243912286318 0.7205727021183832515
i 0.5765436224713525535 0.5776317653443249921 0.5786664974548113327
j 0.5675096798101771037 0.5656310135090343176 0.5638093466300415529
k 0.7766621301043334901 0.7769588815656016999 0.7773464422959958165
l 0.5383884572786199876 0.5395046991159762670 0.5400351360335616450
m 0.5238322117415161400 0.5178503474943680813 0.5124590167803016716
n 0.3512803016237076140 0.3525736975276157293 0.3539157941793877699
o 0.4462680632513593951 0.4482405653180075719 0.4491261124958870240
p 0.2806873507348947443 0.2770686982856629910 0.2742751919187992182
q 0.2445616358795041037 0.2462481850409242538 0.2478166943029047182
r 0.1895437965497211218 0.1954064901966944200 0.2001027263629027045
s 0.06227250397460793596 0.05565485208568008268 0.05040789193886369704
t 0.7655086170510579665 0.7673872585373448361 0.7693445196233009931
energy -113.0892554965139952 359.6039459037634590 346.2636306407908126
After checking the 16 parameters to 50,014 digits, the algebraic degree for the minimal polynomials
is > 420.
Symmetries -
The symmetry groups for 30 points are identical for all 3 potentials.
Symmetries - 30 points
planes [[4, 14]]
Gram groups [[2, 1], [4, 21], [8, 98], [30, 1]]
Polygons [[4, 14]]
9.32. 31 points. The configuration of 31 points is similar to 28 points, where one point is at a pole
and the others are on co-planar triangles whose centroids are aligned with the pole. In the case of 31
points, there are 10 co-planar triangles. This is an 1:3:3:3:3:3:3:3:3:3:3 arrangement. This alignment was
strongly suggested by the [46,1] group in the planes part of the symmetry groups.
Figure 35. 31 points.
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While there are 3 embedded heptagons in figure 35, only one is shown in orange. The co-planar
triangles are shown in cyan and yellow outlines.
Parameterization –
Table 44. Parameterization for 31 points
pt x y z
1 0 0 1
2 b
√
1− a2 − b2 a
3 −b−
√
3
√
1−a2−b2
2
b
√
3−√1−a2−b2
2 a
4 −b+
√
3
√
1−a2−b2
2
−b√3−√1−a2−b2
2 a
5 d
√
1− c2 − d2 c
6 −d−
√
3
√
1−c2−d2
2
d
√
3−√1−c2−d2
2 c
7 −d+
√
3
√
1−c2−d2
2
−d√3−√1−c2−d2
2 c
8 f
√
1− e2 − f2 e
9
−f−√3
√
1−e2−f2
2
f
√
3−
√
1−e2−f2
2 e
10
−f+√3
√
1−e2−f2
2
−f√3−
√
1−e2−f2
2 e
11 g
√
1− e2 − g2 e
12
−g−√3
√
1−e2−g2
2
g
√
3−
√
1−e2−g2
2 e
13
−g+√3
√
1−e2−g2
2
−g√3−
√
1−e2−g2
2 e
14 i
√
1− h2 − i2 h
15 −i−
√
3
√
1−h2−i2
2
i
√
3−√1−h2−i2
2 h
16 −i+
√
3
√
1−h2−i2
2
−i√3−√1−h2−i2
2 h
17 k
√
1− j2 − k2 j
18
−k−√3
√
1−j2−k2
2
k
√
3−
√
1−j2−k2
2 j
19
−k+√3
√
1−j2−k2
2
−k√3−
√
1−j2−k2
2 j
20 m
√
1− l2 −m2 l
21 −m−
√
3
√
1−l2−m2
2
m
√
3−√1−l2−m2
2 l
22 −m+
√
3
√
1−l2−m2
2
−m√3−√1−l2−m2
2 l
23 n
√
1− l2 − n2 l
24 −n−
√
3
√
1−l2−n2
2
n
√
3−√1−l2−n2
2 l
25 −n+
√
3
√
1−l2−n2
2
−n√3−√1−l2−n2
2 l
26 p
√
1− o2 − p2 o
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Table 44 – 31 points parameterization – continued. . .
pt x y z
27
−p−√3
√
1−o2−p2
2
p
√
3−
√
1−o2−p2
2 o
28
−p+√3
√
1−o2−p2
2
−p√3−
√
1−o2−p2
2 o
29 r
√
1− q2 − r2 q
30
−r−√3
√
1−q2−r2
2
r
√
3−
√
1−q2−r2
2 q
31
−r+√3
√
1−q2−r2
2
−r√3−
√
1−q2−r2
2 q
Parameterization values –
It takes 18 parameters a - r to constrain the arrangement.
Table 45. Parameter values for 30 points
Parameter log 1/r 1/r2
a 0.7863298907020499427 0.7870999094095871799 0.7878563575150593603
b 0.6178068492567091888 0.6168255284984722928 0.6158590422516364810
c 0.7367473395695973885 0.7350765584881929921 0.7337481909540752649
d 0.3380840715107413775 0.3389920549073216064 0.3397107564795461042
e 0.3169221170283596425 0.3179017267194057892 0.3190569256801285921
f 0.8694417223274445707 0.8697325260339821684 0.8698546411206109922
g -0.1065081292185521326 -0.1079444543524014153 -0.1090950230169857251
h 0.1383690098767768550 0.1380042000429985443 0.1377248927162571981
i 0.4951903717525514523 0.4952158218318786815 0.4952352607413711422
j -0.1653379278962295080 -0.1677988338361777688 -0.1694832822408188735
k 0.9862369743621363602 0.9858212573094672332 0.9855330623783653306
l -0.4125042399687933459 -0.4116653217317328665 -0.4108163847952203757
m 0.7068688051657705802 0.7082299443358992576 0.7094355284719730024
n 0.7068688051657705802 0.7082299443358992576 0.7094355284719730024
o -0.7296161168785959254 -0.7287802628567269414 -0.7278462146559030662
p 0.6838569455602531569 0.6847476385285895863 0.6857403938890234842
q -0.9086612828260646794 -0.9083394771095752304 -0.9080016083542497285
r 0.2087670191223283802 0.2091168299804582061 0.2094833401646152920
energy -120.1103466395223015 385.5308380632994252 373.5808689611434006
After checking the 18 parameters to 50,014 digits, the algebraic degree for the minimal polynomials
is > 420.
Symmetries -
The symmetry groups for 31 points are identical for all 3 potentials.
Symmetries - 31 points
planes [[4, 180], [35, 3], [46, 1]]
Gram groups [[6, 33], [12, 61], [31, 1]]
Polygons [[3, 6], [4, 180], [6, 2], [7, 3]]
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9.33. 32 points. The 32 vertices polyhedra has remarkable icosahedral symmetry over all 3 potentials.
It was noticed during searching that the convergence was rapid, indicating a high degree of symmetry
for the configuration. The arrangement is [2:2:4:2:2:8:2:2:4:2:2] which is balanced.
Figure 36. 32 points.
The simple algebraic spherical code obtained demonstrates the elegant symmetries found in this unique
polyhedron.
Algebraic Spherical Code -
The algebraic spherical code for 32 points, for all 3 potentials, is:
Table 46. Parameterization for 32 points
pt x y z
1
√
3−√5
6 0
√
3+
√
5
6
2 −
√
3−√5
6 0
√
3+
√
5
6
3 0
√
5−√5
10
√
5+
√
5
10
4 0 −
√
5−√5
10
√
5+
√
5
10
5
√
1
3
√
1
3
√
1
3
6 −
√
1
3
√
1
3
√
1
3
7
√
1
3 −
√
1
3
√
1
3
8 −
√
1
3 −
√
1
3
√
1
3
9
√
5+
√
5
10 0
√
5−√5
10
10 −
√
5+
√
5
10 0
√
5−√5
10
11 0
√
3+
√
5
6
√
3−√5
6
12 0 −
√
3+
√
5
6
√
3−√5
6
13 −
√
3+
√
5
6
√
3−√5
6 0
14 −
√
3+
√
5
6 −
√
3−√5
6 0
15 −
√
5−√5
10
√
5+
√
5
10 0
16 −
√
5−√5
10 −
√
5+
√
5
10 0
17
√
5−√5
10
√
5+
√
5
10 0
18
√
5−√5
10 −
√
5+
√
5
10 0
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Table 46 – 32 points – continued. . .
pt x y z
19
√
3+
√
5
6
√
3−√5
6 0
20
√
3+
√
5
6 −
√
3−√5
6 0
21 0
√
3+
√
5
6 −
√
3−√5
6
22 0 −
√
3+
√
5
6 −
√
3−√5
6
23
√
5+
√
5
10 0 −
√
5−√5
10
24 −
√
5+
√
5
10 0 −
√
5−√5
10
25
√
1
3
√
1
3 −
√
1
3
26 −
√
1
3
√
1
3 −
√
1
3
27
√
1
3 −
√
1
3 −
√
1
3
28 −
√
1
3 −
√
1
3 −
√
1
3
29 0
√
5−√5
10 −
√
5+
√
5
10
30 0 −
√
5−√5
10 −
√
5+
√
5
10
31
√
3−√5
6 0 −
√
3+
√
5
6
32 −
√
3−√5
6 0 −
√
3+
√
5
6
Minimal Energy values -
All 3 values of the minimal energy have been obtained as an algebraic number, from the 32 point
configuration code listed above. The polynomial for the Coulomb 1/r potential has large coefficients,
which was a bit surprising, when first discovered.
Minimal Energy - 32 points
logarithmic -127.3788676147802622. . . = log(10515705214263760266382541387079545648/
potential 545976643780561909556593187225764978620645706541836261749267578/
−log() 125/21967352512417951087942082557060458295262192960458577310062/
283069393738186872499366792190850116654575927348196452738745718/
7903615990932602002368905315681828864)
Coulomb 412.2612746505293101. . . a root of x32 − 256x31 − 321056x30
potential + 56212480x29 + 45980440160x28 − 4662927392768x27 − 3725768316788352x26
( 1r ) + 172160485617420288x
25 + 187812559524684772800x24
− 1188239661143788646400x23 − 6183823866230874346314240x22
− 142087324208565134319452160x21 + 136198061614336090992556362240x20
+ 6203737940397149567528035123200x19
− 2018494242800279884757142849177600x18
− 130191651568644593241413290046423040x17
+ 19886979994385494880151097652299875840x16
+ 1651022156000651714852318455909034557440x15
− 125191437238032671831800022541146854809600x14
− 13308457372603210878758765690294294917939200x13
+ 453613065533944641684181743285017332487331840x12
+ 68053067238638400943741310984769323538878300160x11
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− 623287949142090854184722342779466792456777072640x10
− 213183879390214546069562984506723843991442200985600x9
− 1311815696392437117892800661653830993087821257523200x8
+ 384485209291462309415622819836536642510793775793569792x7
+ 5816470292685027671662290569991129400571245636014440448x6
− 371131509602563559938383240089569329622889937518515453952x5
− 7480021683546696333619583149415575181418775652922195312640x4
+ 164143334208143730520533868283744520771676778757659683717120x3
+ 3654063025430843865204601351924922535583012113242950851887104x2
− 19859588203354051542890817248546892512751903736345856095289344x
− 375067918205041763744279215282103445336143562416034878481956864
Inverse square 401.5 = 8032
potential 1/r2
Symmetries -
The symmetry groups for 32 points are identical for all 3 potentials. This is quite remarkable as the
32-point set is not universally optimal. However this result that all 3 potentials have the same point set
is also verified in [20] to a precision of about 11 digits.
Symmetries - 32 points
planes [[2, 810], [4, 30], [8, 180], [46, 10], [60, 6], [64, 15]]
Gram groups [[32, 2], [60, 4], [120, 6]]
Polygons [[3, 1680], [4, 420], [5, 36], [6, 20], [8, 15]]
9.34. 33 points. For 33 points, the embedded heptagon indicates an axis of symmetry, so the configu-
ration was rotated into alignment on the equator and it was found that 13 points were above the equator
and 13 points below, in a balanced arrangement, but no other embedded polygons occurred along the
same alignment axis (quadrilaterals do exist, but not in alignment with the heptagon).
Figure 37. 33 points.
The heptagon is outlined in yellow in figure 37.
Parameterization for all 3 potentials
Table 48. Parameterization for 33 points
pt x y z
1 −b √1− a2 − b2 a
2 d −√1− c2 − d2 c
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Table 48 – 33 points parameterization – continued. . .
pt x y z
3 −f −
√
1− e2 − f2 e
4 h
√
1− g2 − h2 g
5 j
√
1− i2 − j2 i
6 −l √1− k2 − l2 k
7 n −√1−m2 − n2 m
8 −p −
√
1− o2 − p2 o
9 −r
√
1− q2 − r2 q
10 t −√1− s2 − t2 s
11 −v −√1− u2 − v2 u
12 x
√
1− w2 − x2 w
13 z
√
1− y2 − z2 y
14 1 0 0
15 −A √1−A2 0
16 −B √1−B2 0
17 C −√1− C2 0
18 −D √1−D2 0
19 E −√1− E2 0
20 −F −√1− F 2 0
21 z
√
1− y2 − z2 −y
22 x
√
1− w2 − x2 −w
23 −v −√1− u2 − v2 −u
24 t −√1− s2 − t2 −s
25 −r
√
1− q2 − r2 −q
26 −p −
√
1− o2 − p2 −o
27 n −√1−m2 − n2 −m
28 −l √1− k2 − l2 −k
29 j
√
1− i2 − j2 −i
30 h
√
1− g2 − h2 −g
31 −f −
√
1− e2 − f2 −e
32 d −√1− c2 − d2 −c
33 −b √1− a2 − b2 −a
Parameterization values –
It takes 32 parameters, a - z, A - F , to constrain the polyhedron. The values given to 19 digits are
listed below:
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Table 49. Parameter values for 33 points
Parameter log 1/r 1/r2
a 0.9441354405857699281 0.9443379028688371297 0.9447610253876353098
b 0.2905640124100343812 0.3037040330136551239 0.3016836871749528318
c 0.9345998724028032232 0.9333938530416051179 0.9316825901300259677
d 0.3017306777032591648 0.3386313079897339111 0.3404703649925359162
e 0.8504519070490259610 0.8518529803217173233 0.8537453625341212703
f 0.2461935540949194669 -0.2070212968704013093 -0.2138902228328844522
g 0.8373194344583771142 0.8359803174718946552 0.8343922633990169106
h 0.2431523959305478594 -0.2232902769227805514 -0.2263045153295219886
i 0.6546496836754062898 0.6510565523039134609 0.6472905600791991335
j 0.7440042280355189756 0.3685982446524377337 0.3641511969357234569
k 0.6022814340652630615 0.6029568676883085885 0.6037529559528323030
l 0.3140334969622244110 0.7672333256310515118 0.7694927097706817583
m 0.5909892333166061138 0.5893326407922974706 0.5879108250331423993
n 0.2661015860213742934 0.7594740649765698504 0.7636135093616019175
o 0.5723203334842430753 0.5732358840938099116 0.5737728991063233710
p 0.7683290942541970021 0.2603038344456836052 0.2487583395856551723
q 0.5491395658902830166 0.5486023941900991534 0.5485488782362098275
r 0.7710177904574511397 0.7362560795962369714 0.7305244960195997603
s 0.4442465871890066326 0.4420289651486112907 0.4361791084974002231
t 0.7922342695397467159 0.8260944317350690476 0.8248850189495450027
u 0.3706514795426231661 0.3724889251567467111 0.3762150755311320795
v 0.3907372189445071434 -0.4041288502324899330 -0.4107125501713670196
w 0.3324420333566057344 0.3313739092027784255 0.3300473247902436542
x 0.2581762659301997113 -0.5451696716795546735 -0.5602714990848728267
y 0.2916082231040449711 0.2922911885557252468 0.2935410680557640754
z 0.7573642041186359211 0.01965858954718621313 0.001443841219829245825
A 0.2823458487681062946 -0.6267209832905903770 -0.6101798489082580366
B 0.7745508124916516604 -0.8171346843197990691 -0.8186981292619572688
C 0.6364563713080943362 -0.07019679826361042841 -0.05740747625502538887
D 0.9997173400385455117 0.9234493530503589647 0.6376736480979082347
E 0.07395591266845277821 -0.9789021592239545404 -0.9752922714179999114
F 0.8175752029901418422 0.6486352294571746269 0.9298417669352073362
energy -134.7478208243334052. . . 440.2040574476473575. . . 431.9318385881776597. . .
After checking the 32 parameters to 50,014 digits, the algebraic degree for the minimal polynomials
is > 420.
Symmetries -
The symmetry groups for 33 points are identical for all 3 potentials.
Symmetries - 33 points
planes [[4, 78], [35, 1]]
Gram groups [[2, 34], [4, 247], [33, 1]]
Polygons [[4, 78], [7, 1]]
9.35. 34 points. For 34 points, it was discovered that the arrangement for all 3 potentials is basically
the same, 17 dipoles along one axis, with 8 dipoles above the xy-plane and 8 dipoles below, such that
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a pair of dipoles is the same opposing distance from the z-axis such that the arrangement is balanced.
The red dipole on the equator is aligned along the x-axis. This is an 2:2:2:2:2:2:2:2:2:2:2:2:2:2:2:2:2
arrangement.
Figure 38. 34 points.
Algebraic Spherical Code -
The algebraic spherical code for 34 points, for all 3 potentials, created from 16 parameters, a− p is:
Table 50. Parameterization for 34 points
pt x y z
1 b
√
1− a2 − b2 a
2 −b −√1− a2 − b2 a
3 d −√1− c2 − d2 c
4 −d √1− c2 − d2 c
5 f
√
1− e2 − f2 e
6 −f −
√
1− e2 − f2 e
7 h
√
1− g2 − h2 g
8 −h −
√
1− g2 − h2 g
9 j −
√
1− i2 − j2 i
10 −j
√
1− i2 − j2 i
11 l −√1− k2 − l2 k
12 −l √1− k2 − l2 k
13 n
√
1−m2 − n2 m
14 −n −√1−m2 − n2 m
15 p
√
1− o2 − p2 o
16 −p −
√
1− o2 − p2 o
17 1 0 0
18 −1 0 0
19 p −
√
1− o2 − p2 −o
20 −p
√
1− o2 − p2 −o
21 n −√1−m2 − n2 −m
22 −n √1−m2 − n2 −m
23 l
√
1− k2 − l2 −k
24 −l −√1− k2 − l2 −k
25 j
√
1− i2 − j2 −i
26 −j −
√
1− i2 − j2 −i
27 h −
√
1− g2 − h2 −g
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Table 50 – 34 points – continued. . .
pt x y z
28 −h
√
1− g2 − h2 −g
29 f −
√
1− e2 − f2 −e
30 −f
√
1− e2 − f2 −e
31 d
√
1− c2 − d2 −c
32 −d −√1− c2 − d2 −c
33 b −√1− a2 − b2 −a
34 −b √1− a2 − b2 −a
The values for these 16 parameters to 19 digits is given below, along with the minimal energy for the
points under the potential:
Table 51. Parameter values for 34 points
Parameter log 1/r 1/r2
a 0.9501746904318417810 0.9507345860669045433 0.9512670049190477768
b 0.2690296903895190684 0.2667993421427814118 0.2648543738542885809
c 0.8334906701638139447 0.8347171305054724743 0.8358386082813027937
d 0.3314547676755688974 0.3301374286789593185 0.3286706495008522924
e 0.6720105807965419493 0.6709162957697776888 0.6701241936721569551
f 0.3591611788440802614 0.3589314226631725173 0.3582682173168182203
g 0.6203239065468236863 0.6218438093075785121 0.6233799885625532601
h 0.7843451748727355187 0.7831345168065170310 0.7819041440050671677
i 0.4524090009853990815 0.4531721066862990811 0.4535566868316177422
j 0.1824031292301683503 0.1814743809559557118 0.1808113840729157640
k 0.3428005610247186752 0.3439704385614441753 0.3450194919610273067
l 0.7570163447483596234 0.7553751608582816613 0.7536679020995221525
m 0.2729534769375722201 0.2722721572403301061 0.2720230702769717561
n 0.8120626542505883933 0.8113438409105690329 0.8105442906535017426
o 0.09886379372735685423 0.1003489964767353087 0.1020597436732134232
p 0.3576913654812188770 0.3563114827352296087 0.3550466709305113318
energy -142.3758522709015841 468.9048532813432615 462.7012364217078132
All 16 parameters for all 3 potentials have been found to 50,014 digits accuracy, but the degree of the
algebraic polynomials > 360.
Symmetries -
The symmetry groups for 34 points are identical for all 3 potentials.
Symmetries - 34 points
planes [[4, 16]]
Gram groups [[2, 1], [4, 24], [8, 128], [34, 1]]
Polygons [[4, 16]]
9.36. 35 points. The optimal configuration for 35 points does not allow a parameterization to occur
for all 3 potentials. This is the second set of points where this occurs.
SOME SPHERICAL CODES IN S2 AND THEIR ALGEBRAIC NUMBERS 79
Figure 39. 35 points.
Minimal Energy values -
The coordinates for 35 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 35 points
logarithmic -150.1920585107381031. . .
Coulomb 498.5698724906454068. . .
Inverse square law 494.8164319541329121. . .
Symmetries -
The symmetry groups are identical for 35 points under all 3 potentials.
Symmetries - 35 points
planes []
Gram groups [[2, 17], [4, 289], [35, 1]]
Polygons []
9.37. 36 points. The optimal configuration for 36 points does not allow a parameterization to be
determined for all 3 potentials. This is the third set of points where this occurs (previous: 26 pts, 35
pts);
The algorithmic searches for the optimal configurations took an exceptionally long time, for the
percolating anneal program indicating the presence of many local minima. Some point sets converged
quickly, under the potentials, but 36 points made the searches very arduous, the Coulomb 1/r search
took over 6 weeks to converge, for billions of loops in the algorithm to converge to 38 digits accuracy.
Figure 40. 36 points.
Minimal Energy values -
The coordinates for 36 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
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Minimal Energy - 36 points
logarithmic -158.2240684255879753. . .
Coulomb 529.1224083754138052. . .
Inverse square law 527.9142565801658786. . .
Symmetries -
Interestingly, the Gram matrix differs for the Inverse Square 1/r2 potentials
Symmetries - 36 points - log or Coulomb
planes []
Gram groups [[4, 27], [8, 144], [36, 1]]
Polygons []
Symmetries - 36 points - Inverse2
planes []
Gram groups [[2, 18], [4, 306], [36, 1]]
Polygons []
9.38. 37 points. The 9 pentagons embedded in the polyhedron suggest the preferred symmetry ar-
rangement, and after 2 rotations, it was found that the figure is a pleasing arrangement of a pole axis
and 7 co-planar pentagons arranged so that a line through their centroids is the pole axis. This enabled
only 6 parameters necessary to constrain the arrangement. This is an 1:5:5:5:5:5:5:5:1 arrangement.
Figure 41. 37 points.
The embedded pentagons are outlined in yellow and cyan in figure 41.
Parameterization for all 3 potentials
Table 52. Parameterization for 37 points
pt x y z
1 0 0 1
2 b 0 a
3 b
√
5−1
4
b
√
10+2
√
5
4 a
4 − b
√
5+1
4
b
√
10−2√5
4 a
5 − b
√
5+1
4 − b
√
10−2√5
4 a
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Table 52 – 37 points parameterization – continued. . .
pt x y z
6 b
√
5−1
4 − b
√
10+2
√
5
4 a
7 d 0 c
8 d
√
5−1
4
d
√
10+2
√
5
4 c
9 −d
√
5+1
4
d
√
10−2√5
4 c
10 −d
√
5+1
4 −d
√
10−2√5
4 c
11 d
√
5−1
4 −d
√
10+2
√
5
4 c
12 f 0 e
13 f
√
5−1
4
f
√
10+2
√
5
4 e
14 − f
√
5+1
4
f
√
10−2√5
4 e
15 − f
√
5+1
4 − f
√
10−2√5
4 e
16 f
√
5−1
4 − f
√
10+2
√
5
4 e
17 1 0 0
18
√
5−1
4
√
10+2
√
5
4 0
19 −
√
5−1
4
√
10−2√5
4 0
20 −
√
5−1
4 −
√
10−2√5
4 0
21
√
5−1
4 −
√
10+2
√
5
4 0
22 f 0 −e
23 f
√
5−1
4
f
√
10+2
√
5
4 −e
24 − f
√
5+1
4
f
√
10−2√5
4 −e
25 − f
√
5+1
4 − f
√
10−2√5
4 −e
26 f
√
5−1
4 − f
√
10+2
√
5
4 −e
27 d 0 −c
28 d
√
5−1
4
d
√
10+2
√
5
4 −c
29 −d
√
5+1
4
d
√
10−2√5
4 −c
30 −d
√
5+1
4 −d
√
10−2√5
4 −c
31 d
√
5−1
4 −d
√
10+2
√
5
4 −c
32 b 0 −a
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Table 52 – 37 points parameterization – continued. . .
pt x y z
33 b
√
5−1
4
b
√
10+2
√
5
4 −a
34 − b
√
5+1
4
b
√
10−2√5
4 −a
35 − b
√
5+1
4 − b
√
10−2√5
4 −a
36 b
√
5−1
4 − b
√
10+2
√
5
4 −a
37 0 0 −1
Parameterization values –
It takes 6 parameters, a - f , to constrain the polyhedron. The values given to 19 digits are listed
below:
Table 53. Parameter values for 37 points
Parameter log 1/r 1/r2
a 0.8207614357951864012 0.8217755307731263974 0.8230114007595582573
b -0.5712710963381782287 -0.5698113521355523059 -0.5680248535229684736
c 0.5332210870197916288 0.5348307762724087591 0.5367177983270355014
d 0.8459759289468180863 0.8449591947259066592 0.8437618176707095150
e 0.2848889779325672258 0.2875615914220408508 0.2901640938863503629
f -0.9585605198695266650 -0.9577621474765137333 -0.9569769060009302293
energy -166.4506975239976931 560.6188877310436776 562.2556382320535124
After checking the 6 parameters to 5,009 digits, the algebraic degree for the minimal polynomials is
> 200. There was a problem with the Jacobian matrix, making it impossible to find 50,014 digits of
each parameter, instead a direct search to 5,009 digits was done for all 3 potentials.
Symmetries -
The symmetry groups are identical for 37 points under all 3 potentials.
This configuration offers promise to be parameterized.
Symmetries - 37 points
planes [[4, 450], [24, 5], [70, 1], [84, 5]]
Gram groups [[2, 1], [10, 5], [20, 28], [37, 1], [40, 18]]
Polygons [[4, 480], [5, 7], [9, 5]]
9.39. 38 points. The configuration for 38 points has embedded polygons, a preferred orientation found
an arrangement of two pole points, or dipole, and 6 parallel hexagons such that the pole axis passes
through their centroids. The arrangement is [1:6:6:6:6:6:6:1].
Parameterized Structure -
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Figure 42. 38 points.
Upon careful analysis, only 3 algebraic parameters a, b, and c are required to constrain the structure
of the 38 points under minimal energy. This structure is given below:
Table 54. Parameterization for 38 points
pt x y z
1 0 0 1
2 0
√
1− a2 a
3
√
3
2
√
1− a2
√
1−a2
2 a
4
√
3
2
√
1− a2 −
√
1−a2
2 a
5 0 −√1− a2 a
6 −
√
3
2
√
1− a2 −
√
1−a2
2 a
7 −
√
3
2
√
1− a2
√
1−a2
2 a
8
√
1− b2 0 b
9
√
1−b2
2
√
3
2
√
1− b2 b
10 −
√
1−b2
2
√
3
2
√
1− b2 b
11 −√1− b2 0 b
12 −
√
1−b2
2 −
√
3
2
√
1− b2 b
13
√
1−b2
2 −
√
3
2
√
1− b2 b
14 0
√
1− c2 c
15
√
3
2
√
1− c2
√
1−c2
2 c
16
√
3
2
√
1− c2 −
√
1−c2
2 c
17 0 −√1− c2 c
18 −
√
3
2
√
1− c2 −
√
1−c2
2 c
19 −
√
3
2
√
1− c2
√
1−c2
2 c
20
√
1− c2 0 −c
21
√
1−c2
2
√
3
2
√
1− c2 −c
22 −
√
1−c2
2
√
3
2
√
1− c2 −c
23 −√1− c2 0 −c
24 −
√
1−c2
2 −
√
3
2
√
1− c2 −c
25
√
1−c2
2 −
√
3
2
√
1− c2 −c
26 0
√
1− b2 −b
27
√
3
2
√
1− b2
√
1−b2
2 −b
28
√
3
2
√
1− b2 −
√
1−b2
2 −b
84 RANDALL L. RATHBUN AND WESLEY J.M. RIDGWAY
Table 54 – 38 points parameters – continued
pt x y z
29 0 −√1− b2 −b
30 −
√
3
2
√
1− b2 −
√
1−b2
2 −b
31 −
√
3
2
√
1− b2
√
1−b2
2 −b
32
√
1− a2 0 −a
33
√
1−a2
2
√
3
2
√
1− a2 −a
34 −
√
1−a2
2
√
3
2
√
1− a2 −a
35 −√1− a2 0 −a
36 −
√
1−a2
2 −
√
3
2
√
1− a2 −a
37
√
1−a2
2 −
√
3
2
√
1− a2 −a
38 0 0 −1
Algebraic parameters values -
The values to 19 digits of the 3 parameters a − c which are optimal for the minimal solutions of 38
points are:
Table 55. Parameter values for 38 points
Parameter log 1/r 1/r2
a 0.8039422032494780264 0.8031706352420300965 0.8024795013067287797
b 0.4583733204758793321 0.4581934070811996284 0.4577217788720220286
c 0.1721603867747475720 0.1698720444743110028 0.1675495508816995084
energy -174.8801971518150640 593.0385035664514014 597.7394530832607790
All 3 parameters have 50,014 digits precision, for all 3 potentials, but the degree of the algebraic
polynomials are > 360.
Symmetries -
The symmetry groups for 38 points are identical for all 3 potentials.
Symmetries - 38 points
planes [[4, 540], [56, 6], [120, 1]]
Gram groups [[2, 1], [12, 3], [24, 27], [38, 1], [48, 15]]
Polygons [[4, 540], [6, 6], [8, 6]]
9.40. 39 points. The optimal solution for 39 points contains an interesting mix of parallel-plane poly-
gons. A suitable arrangement consists of two triangles near a north pole, then a hexagon, then another
triangle, then a hexagon at the equator, then another triangle, a hexagon, then two more triangles near
the south pole. The arrangement of polygons is [3:3:6:3:6:3:6:3:3] which is balanced.
Parameterized Structure -
10 algebraic parameters are needed to constrain the 39 point minimal solution which is given below:
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Figure 43. 39 points.
Table 56. Parameterization for 39 points
pt x y z
1
√
1− a2 0 a
2 −
√
1−a2
2
√
3−3a2
2 a
3 −
√
1−a2
2 −
√
3−3a2
2 a
4 −√1− b2 0 b
5
√
1−b2
2
√
3−3b2
2 b
6
√
1−b2
2 −
√
3−3b2
2 b
7
√
1− c2 − d2 d c
8 −√1− c2 − e2 e c
9 −
√
1− c2 − f2 f c
10 −
√
1− c2 − f2 −f c
11 −√1− c2 − e2 −e c
12
√
1− c2 − d2 −d c
13 −
√
1− g2 0 g
14
√
1−g2
2
√
3−3g2
2 g
15
√
1−g2
2 −
√
3−3g2
2 g
16 1 0 0
17 h
√
1− h2 0
18 i
√
1− i2 0
19 − 12
√
3
2 0
20 −j
√
1− j2 0
21 −j −
√
1− j2 0
22 − 12 −
√
3
2 0
23 i −√1− i2 0
24 h −√1− h2 0
25 −
√
1− g2 0 −g
26
√
1−g2
2
√
3−3g2
2 −g
27
√
1−g2
2 −
√
3−3g2
2 −g
28
√
1− c2 − d2 d −c
29 −√1− c2 − e2 e −c
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Table 56 – 39 points parameters – cont.
pt x y z
30 −
√
1− c2 − f2 f −c
31 −
√
1− c2 − f2 −f −c
32 −√1− c2 − e2 −e −c
33
√
1− c2 − d2 −d −c
34 −√1− b2 0 −b
35
√
1−b2
2
√
3−3b2
2 −b
36
√
1−b2
2 −
√
3−3b2
2 −b
37 −
√
1−a2
2 −
√
3−3a2
2 −a
38
√
1− a2 0 −a
39 −
√
1−a2
2
√
3−3a2
2 −a
Parameter and Minimal Energy values -
The Jacobian matrix, Newton method search has found 50,014 digits of representation for the 10
algebraic parameters a − j, but unfortunately the algebraic degree is too high, > 360 to be able to
recover the polynomials for the spherical code.
Table 57. Parameter values for 39 points
Parameter log 1/r 1/r2
a 0.9305304495340633877 0.9303111905320777064 0.9300692717308784119
b 0.7781165429733693961 0.7777780355447797229 0.7773081306470802039
c 0.5412896333641035100 0.5405636016354160933 0.5398022581706319306
d 0.2810489018389595961 0.2832926783746533173 0.2852806007277812605
e 0.8268281633462391072 0.8276872914815004255 0.8285130113618658314
f 0.5457792615072795111 0.5443946131068471082 0.5432324106340845709
g 0.3244932998521861406 0.3231919362048333817 0.3218062684348973968
h 0.8481058446013102035 0.8475580098711930200 0.8470526400321745301
i 0.03479057745151933382 0.03582306743504348819 0.03677398278730272960
j 0.8828964220528295373 0.8833810773062365082 0.8838266228194772597
energy -183.5092257118552531 626.3890090168230113 634.4153333806804997
Symmetries -
The symmetry groups for 39 points are identical for all 3 potentials.
Symmetries - 39 points
planes [[4, 384], [24, 3], [35, 3], [130, 1]]
Gram groups [[6, 6], [12, 25], [18, 1], [24, 47], [39, 1]]
Polygons [[3, 6], [4, 402], [6, 2], [7, 3], [9, 1]]
9.41. 40 points. The optimal solution for 40 points contains embedded polygons, in fact 6 octagons
and 12 hexagons, which led to finding an optimal axis for orientation. The arrangement is a balanced
[2:2:4:2:4:4:2:2:4:4:2:4:2:2] where 2 denotes a dipole and 4 a square.
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Figure 44. 40 points.
Parametric Structure -
The arrangement was parameterized using 9 algebraic parameters, a, b, c, d, e, f , g, h, and i. These
parameters deal with the spacing between the parallel polygons.
Table 58. Parameterization for 40 points
pt x y z
1
√
1− a2 0 a
2 −√1− a2 0 a
3 0
√
1− b2 b
4 0 −√1− b2 b
5 d
√
1− c2 − d2 c
6 −d √1− c2 − d2 c
7 −d −√1− c2 − d2 c
8 d −√1− c2 − d2 c
9
√
2
3 0
√
1
3
10 −
√
2
3 0
√
1
3
11 f
√
1− e2 − f2 e
12 −f
√
1− e2 − f2 e
13 −f −
√
1− e2 − f2 e
14 f −
√
1− e2 − f2 e
15 h
√
1− g2 − h2 g
16 −h
√
1− g2 − h2 g
17 −h −
√
1− g2 − h2 g
18 h −
√
1− g2 − h2 g
19
√
1− i2 0 i
20 −√1− i2 0 i
21 0 −√1− i2 −i
22 0
√
1− i2 −i
23
√
1− g2 − h2 h −g
24 −
√
1− g2 − h2 h −g
25 −
√
1− g2 − h2 −h −g
26
√
1− g2 − h2 −h −g
27
√
1− e2 − f2 f −e
28 −
√
1− e2 − f2 f −e
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Table 58 – 40 points parameters – continued. . .
pt x y z
29 −
√
1− e2 − f2 −f −e
30
√
1− e2 − f2 −f −e
31 0 −
√
2
3 −
√
1
3
32 0
√
2
3 −
√
1
3
33
√
1− c2 − d2 d −c
34 −√1− c2 − d2 d −c
35 −√1− c2 − d2 −d −c
36
√
1− c2 − d2 −d −c
37
√
1− b2 0 −b
38 −√1− b2 0 −b
39 0 −√1− a2 −a
40 0
√
1− a2 −a
logarithmic potential -
The decimal values for the parameters have been determined to 50,014 digits. However the algebraic
degree is > 360 for this potential.
a = 0.9608452414555139834 . . .
b = 0.8325617222673873581 . . .
c = 0.7059050981400227835 . . .
d = 0.5403569853489025648 . . .
e = 0.3916892764776448136 . . .
f = 0.3117438960562255168 . . .
g = 0.1959290968338993704 . . .
h = 0.8179629789070255120 . . .
i = 0.05827507906343504122 . . .
and for the energy:
energy = −192.3376899173482332 . . .
Coulomb 1/r potential -
Similarly the parameters have been located for the Coulomb potential to 50,014 digits.
a = 0.9601769655764723164 . . .
b = 0.8329158480857483780 . . .
c = 0.7058998933400944309 . . .
d = 0.5404423709662100308 . . .
e = 0.3913126563296915203 . . .
f = 0.3122606114843310841 . . .
g = 0.1975603639098160504 . . .
h = 0.8186439165125587834 . . .
i = 0.05840103736139121117 . . .
and for the energy:
energy = 660.6752788346224138 . . .
and the algebraic degree for the spherical code is > 360.
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Inverse square law 1/r2 potential -
The parameters also have been determined for the Inverse square law potential:
a = 0.9596045207546853771 . . .
b = 0.8332509745839302446 . . .
c = 0.7058970333118211098 . . .
d = 0.5404892082486678872 . . .
e = 0.3909557605119346706 . . .
f = 0.3127499451566637698 . . .
g = 0.1989461783337023559 . . .
h = 0.8192190556738142491 . . .
i = 0.05847013530974113222 . . .
and for the energy:
energy = 672.3093535034931164 . . .
Once again, the parameters have been determined to 50,014 digits. Searching shows that the polyno-
mials must have degree > 360, if they are found.
Symmetries -
The symmetry groups for 40 points are identical for all 3 potentials.
Symmetries - 40 points
planes [[4, 540], [24, 3], [56, 6], [67, 4]]
Gram groups [[12, 4], [24, 21], [40, 1], [48, 21]]
Polygons [[3, 28], [4, 558], [6, 12], [8, 6]]
9.42. 41 points. The optimal solution for 41 points contains embedded polygons, as shown by the
symmetry groups. An suitable alignment was found which consisted of 2 poles, and starting at one pole,
moving to the opposite, the following polygons: [3:3:6:3:9:3:6:3:3] which is a balanced arrangement.
Figure 45. 41 points.
Parameterized Structure -
Again, 10 algebraic parameters are needed to constrain the 41 point minimal solution which is given
below:
Table 60. Parameterization for 41 points
pt x y z
1 0 0 1
2
√
3−3a2
2
√
1−a2
2 a
3 0 −√1− a2 a
90 RANDALL L. RATHBUN AND WESLEY J.M. RIDGWAY
Table 60 – 41 points parameters – continued. . .
pt x y z
4 −
√
3−3a2
2
√
1−a2
2 a
5
√
3−3b2
2 −
√
1−b2
2 b
6 0
√
1− b2 b
7 −
√
3−3b2
2 −
√
1−b2
2 b
8
√
1− c2 − d2 d c
9
√
1− c2 − f2 f c
10 −
√
1− c2 − g2 −g c
11
√
1− c2 − g2 −g c
12 −
√
1− c2 − f2 f c
13 −√1− c2 − d2 d c
14
√
3−3e2
2 −
√
1−e2
2 e
15 0
√
1− e2 e
16 −
√
3−3e2
2 −
√
1−e2
2 e
17 −√1− h2 h 0
18
√
1− h2 h 0
19 −
√
3
2
1
2 0
20
√
3
2
1
2 0
21 −i −√1− i2 0
22 i −√1− i2 0
23 −
√
1− j2 −j 0
24
√
1− j2 −j 0
25 0 −1 0
26
√
3−3e2
2 −
√
1−e2
2 −e
27 0
√
1− e2 −e
28 −
√
3−3e2
2 −
√
1−e2
2 −e
29
√
1− c2 − d2 d −c
30 −
√
1− c2 − g2 −g −c
31
√
1− c2 − g2 −g −c
32
√
1− c2 − f2 f −c
33 −
√
1− c2 − f2 f −c
34 −√1− c2 − d2 d −c
35
√
3−3b2
2 −
√
1−b2
2 −b
36 0
√
1− b2 −b
37 −
√
3−3b2
2 −
√
1−b2
2 −b
38
√
3−3a2
2
√
1−a2
2 −a
39 0 −√1− a2 −a
40 −
√
3−3a2
2
√
1−a2
2 −a
41 0 0 −1
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The values to 19 digits of the 10 parameters a − j optimized for the minimal solutions of 41 points
are:
Table 61. Parameter values for 41 points
Parameter log 1/r 1/r2
a 0.8520984319699034101 0.8523862771111461391 0.8526095822555335960
b 0.7875550123025952342 0.7889333123109460737 0.7904592194498969596
c 0.4909732570000036406 0.4921990699246269454 0.4932559558672481719
d 0.1424411984296669891 0.1411189147409479565 0.1400379041853693472
e 0.3472293650970637960 0.3453085908033527925 0.3443319566507469829
f 0.6730856713657296369 0.6733284008452331171 0.6734969929580199912
g 0.8155268697953966259 0.8144473155861810736 0.8135348971433893384
h 0.9002103658277210421 0.8994108636176339581 0.8988402363895471274
i 0.9973326834765621955 0.9974647659120622585 0.9975566938586787781
j 0.8272205140026939919 0.8282487897018546242 0.8289786408041167464
energy -201.3592066486634101 695.9167443418870270 711.5261514819427490
All 10 parameters have 50,014 digits precision, for all 3 potentials, but the degree of the algebraic
polynomials are > 360.
Minimal Energy values -
The decimal values of the 10 parameters, a− j, and energy are known to 50,014 digits, nevertheless,
the algebraic polynomials were not obtained, they are > 360 in degree.
The values are given to 19 digits below:
Minimal Energy - 41 points
logarithmic -201.3592066486634101. . .
Coulomb 695.9167443418870270. . .
Inverse square law 711.5261514819427490. . .
Symmetries -
The symmetry groups for 41 points are identical under all 3 potentials.
Symmetries - 41 points
planes [[4, 390], [24, 3], [84, 3], [130, 1]]
Gram groups [[2, 1], [6, 6], [12, 31], [18, 1], [24, 49], [36, 1], [41, 1]]
Polygons [[3, 6], [4, 408], [6, 2], [9, 4]]
9.43. 42 points. The optimal solution for 42 points is very interesting, it contains 2 poles and 6 pen-
tagons and an decagon on the equator. The arrangement is a balanced [1:5:5:5:10:5:5:5:1] where 1 is a
pole, 5 a pentagon and 10 a decagon.
Parametric Structure -
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Figure 46. 42 points.
Let c1, c2, s1, and s2 be parameters for a pentagon.
c1 =
√
5− 1
4
c2 =
√
5 + 1
4
s1 =
√
10 + 2
√
5
4
s2 =
√
10− 2√5
4
Then using these pentagonal parameters, we find the structure for 42 points:
Table 62. Parameterization for 42 points
pt x y z
1 0 0 1
2
√
1− a2 0 a
3 c1
√
1− a2 s1
√
1− a2 a
4 −c2
√
1− a2 s2
√
1− a2 a
5 −c2
√
1− a2 −s2
√
1− a2 a
6 c1
√
1− a2 −s1
√
1− a2 a
7 −√1− b2 0 b
8 −c1
√
1− b2 s1
√
1− b2 b
9 c2
√
1− b2 s2
√
1− b2 b
10 c2
√
1− b2 −s2
√
1− b2 b
11 −c1
√
1− b2 −s1
√
1− b2 b
12
√
1− c2 0 c
13 c1
√
1− c2 s1
√
1− c2 c
14 −c2
√
1− c2 s2
√
1− c2 c
15 −c2
√
1− c2 −s2
√
1− c2 c
16 c1
√
1− c2 −s1
√
1− c2 c
17 d −√1− d2 0
18 e −√1− e2 0
19
√
2
√
5+10
√
1−d2
4 +
d(
√
5−1)
4
d
√
2
√
5+10
4 −
(
√
5−1)
√
1−d2
4 0
20
√
2
√
5+10
√
1−e2
4 +
e(
√
5−1)
4
e
√
2
√
5+10
4 −
(
√
5−1)
√
1−e2
4 0
21
√
10−2√5√1−d2
4 −
d(
√
5+1)
4
(
√
5+1)
√
1−d2
4 +
d
√
10−2√5
4 0
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Table 62 – 42 points parameters – continued. . .
pt x y z
22
√
10−2√5√1−e2
4 −
e(
√
5+1)
4
(
√
5+1)
√
1−e2
4 +
e
√
10−2√5
4 0
23
(
−
√
10−2√5√1−d2
4
)
− d(
√
5+1)
4
(
√
5+1)
√
1−d2
4 − d
√
10−2√5
4 0
24
(
−
√
10−2√5√1−e2
4
)
− e(
√
5+1)
4
(
√
5+1)
√
1−e2
4 − e
√
10−2√5
4 0
25
d(
√
5−1)
4 −
√
2
√
5+10
√
1−d2
4
(
− (
√
5−1)
√
1−d2
4
)
− d
√
2
√
5+10
4 0
26
e(
√
5−1)
4 −
√
2
√
5+10
√
1−e2
4
(
− (
√
5−1)
√
1−e2
4
)
− e
√
2
√
5+10
4 0
27
√
1− c2 0 −c
28 c1
√
1− c2 s1
√
1− c2 −c
29 −c2
√
1− c2 s2
√
1− c2 −c
30 −c2
√
1− c2 −s2
√
1− c2 −c
31 c1
√
1− c2 −s1
√
1− c2 −c
32 −√1− b2 0 −b
33 −c1
√
1− b2 s1
√
1− b2 −b
34 c2
√
1− b2 s2
√
1− b2 −b
35 c2
√
1− b2 −s2
√
1− b2 −b
36 −c1
√
1− b2 −s1
√
1− b2 −b
37
√
1− a2 0 −a
38 c1
√
1− a2 s1
√
1− a2 −a
39 −c2
√
1− a2 s2
√
1− a2 −a
40 −c2
√
1− a2 −s2
√
1− a2 −a
41 c1
√
1− a2 −s1
√
1− a2 −a
42 0 0 −1
logarithmic potential -
The decimal values for the parameters have been determined to 50,014 digits. However the algebraic
degree is > 360 for this potential.
a = 0.8480021192047263213 . . .
b = 0.5500987140683140002 . . .
c = 0.4199535968733765594 . . .
d = 0.9367127737987912556 . . .
e = 0.6224239241337443283 . . .
and for the energy:
energy = −210.5845115576339070 . . .
Coulomb 1/r potential -
Similarly the parameters have been located for the Coulomb potential to 50,014 digits accuracy.
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a = 0.8479934351306249820 . . .
b = 0.5475481419910211780 . . .
c = 0.4217051127686561307 . . .
d = 0.9374180220888377937 . . .
e = 0.6208417306215908095 . . .
and for the energy:
energy = 732.0781075436733758 . . .
and the algebraic degree for the spherical code is > 360.
Inverse square law 1/r2 potential -
The parameters also have been determined for the Inverse square law potential:
a = 0.8478870718441163396 . . .
b = 0.5453554276036246459 . . .
c = 0.4231848715206929912 . . .
d = 0.9379732112146647173 . . .
e = 0.6195883152605443173 . . .
and for the energy:
energy = 751.8751968168232611 . . .
While the decimal precision of these parameter values is accurately known to 50,014 digits, the alge-
braic polynomials were not recovered. The polynomials must have degree > 360, if they are found.
Symmetries -
The symmetry groups for 42 points are identical under all 3 potentials.
Symmetries - 42 points
planes [[4, 630], [24, 5], [56, 5], [180, 1]]
Gram groups [[2, 1], [10, 8], [20, 26], [40, 28], [42, 1]]
Polygons [[4, 660], [5, 6], [8, 5], [10, 1]]
9.44. 43 points. The optimal arrangement of 43 points has an unusual arrangement of 6 single points
and 14 opposing points, all opposing points are parallel to a coordinate axis, and a nonagon, in a
[1:2:2:2:1:2:1:2:2:2:9:2:2:2:1:2:1:2:2:2:1] arrangement with a nonagon in the center and 3 single points
and 7 opposing points on either side of the nonagon.
While there are embedded squares and one heptagon in the polyhedra, the arrangement with the
normal axis through the nonagon was chosen for the preferred alignment. The nonagon is highlighted
below in figure 47 in yellow. The 14 opposing points are coupled in orange.
Figure 47. 43 points.
Algebraic parameterization -
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It requires 21 parameters a−u to adequately constrain the 43 point set, due to the 14 opposing points
and 6 single points in the configuration.
The algebraic parameterized structure is given below:
Table 64. Parameterization for 43 points
pt x y z
1
√
1− a2 0 a
2 −√1− b2 − c2 c b
3 −√1− b2 − c2 −c b
4 −√1− d2 − e2 e d
5 −√1− d2 − e2 −e d
6
√
1− f2 − g2 g f
7
√
1− f2 − g2 −g f
8
√
1− h2 0 h
9
√
1− i2 − j2 j i
10
√
1− i2 − j2 −j i
11 −√1− k2 0 k
12 −√1− l2 −m2 m l
13 −√1− l2 −m2 −m l
14 −√1− n2 − o2 o n
15 −√1− n2 − o2 −o n
16
√
1− p2 − q2 q p
17
√
1− p2 − q2 −q p
18 1 0 0
19 r
√
1− r2 0
20 s
√
1− s2 0
21 t
√
1− t2 0
22 u
√
1− u2 0
23 u −√1− u2 0
24 t −√1− t2 0
25 s −√1− s2 0
26 r −√1− r2 0
27
√
1− p2 − q2 q −p
28
√
1− p2 − q2 −q −p
29 −√1− n2 − o2 o −n
30 −√1− n2 − o2 −o −n
31 −√1− l2 −m2 m −l
32 −√1− l2 −m2 −m −l
33 −√1− k2 0 −k
34
√
1− i2 − j2 j −i
35
√
1− i2 − j2 −j −i
36
√
1− h2 0 −h
37
√
1− f2 − g2 g −f
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Table 64 – 43 points parameters – continued
pt x y z
38
√
1− f2 − g2 −g −f
39 −√1− d2 − e2 e −d
40 −√1− d2 − e2 −e −d
41 −√1− b2 − c2 c −b
42 −√1− b2 − c2 −c −b
43
√
1− a2 0 −a
The values to 19 digits of the 21 parameters a − u optimized for the minimal solutions of 43 points
are:
Table 65. Parameter values for 43 points
Parameter log 1/r 1/r2
a 0.9982866473863599175 0.9982866473863599175 0.9984630953851052699
b 0.8472635797533589187 0.8472635797533589187 0.8475325598739136651
c 0.5311293486382919021 0.5311293486382919021 0.5307272765752298213
d 0.8400740066768052323 0.8400740066768052323 0.8399419725010893398
e 0.2700031255728598295 0.2700031255728598295 0.2711612073230125316
f 0.8011237624533662706 0.8011237624533662706 0.8013390030747537570
g 0.3149686382777712023 0.3149686382777712023 0.3143338979088199771
h 0.5257933545107503321 0.5257933545107503321 0.5249258057238283796
i 0.5045367851340684154 0.5045367851340684154 0.5039541318183206447
j 0.7922732606467253208 0.7922732606467253208 0.7934086000053364266
k 0.4897424218019944371 0.4897424218019944371 0.4927453299320202459
l 0.4763943861747329806 0.4763943861747329806 0.4778957726446077287
m 0.8451040731358101017 0.8451040731358101017 0.8437455161174711917
n 0.4429356904485061573 0.4429356904485061573 0.4412278165688409847
o 0.5426636322452562795 0.5426636322452562795 0.5422887105232160723
p 0.2966040392756743250 0.2966040392756743250 0.2975541321855012033
q 0.4942343699679201443 0.4942343699679201443 0.4945697569720479639
r 0.5177710856618404329 0.5177710856618404329 0.5195541951343300817
s -0.003442294413174403063 -0.003442294413174403063 -0.002581058629101833997
t -0.5675846094236517838 -0.5675846094236517838 -0.5651170132805532067
u -0.9555580439704250977 -0.9555580439704250977 -0.9558789980236047501
energy -220.0034770518506974 769.1908464591584376 793.5218863349545800
All 21 parameters have 50,014 digits precision, for all 3 potentials, but the degree of the algebraic
polynomials are > 360.
Symmetries -
The symmetries are identical for 43 points under all 3 potentials.
Symmetries - 43 points
planes [[4, 266], [28, 1], [35, 1], [84, 1]]
Gram groups [[2, 7], [4, 46], [8, 201], [43, 1]]
Polygons [[4, 273], [7, 1], [9, 1]]
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9.45. 44 points. The optimal configuration for 44 points contains extensive symmetries, indicating the
high degree of symmetry for the polyhedra.
The figure contains 2 poles, and proceeding from the north pole, the embedded parallel polygons are
[1:4:2:4:4:2:10:2:4:4:2:4:1] where 1 is a pole and 2 is a dipole. Clearly the arrangement of polygons is
balanced, which is typical with an even number of points.
Figure 48. 44 points.
Algebraic parameterization -
After searching and double rotating into an optimal alignment, it became clear that the 44 point set
could be parameterized by 3 algebraic parameters a, b, and c.
The algebraic parameterized structure is given below:
Table 66. Parameterization for 44 points
pt x y z
1 0 0 1
2 b
√
1− a2 − b2 a
3 −b √1− a2 − b2 a
4 −b −√1− a2 − b2 a
5 b −√1− a2 − b2 a
6 0
√
1
3
√
2
3
7 0 −
√
1
3
√
2
3
8 12
√
1
2
1
2
9 − 12
√
1
2
1
2
10 − 12 −
√
1
2
1
2
11 12 −
√
1
2
1
2
12 a
√
1− a2 − b2 b
13 −a √1− a2 − b2 b
14 −a −√1− a2 − b2 b
15 a −√1− a2 − b2 b
16 0
√
1− c2 c
17 0 −√1− c2 c
18 1 0 0
19
√
2
3
√
1
3 0
20 c
√
1− c2 0
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Table 66 – 44 points parameters – cont.
pt x y z
21 −c √1− c2 0
22 −
√
2
3
√
1
3 0
23 −1 0 0
24 −
√
2
3 −
√
1
3 0
25 −c −√1− c2 0
26 c −√1− c2 0
27
√
2
3 −
√
1
3 0
28 0
√
1− c2 −c
29 0 −√1− c2 −c
30 a
√
1− a2 − b2 −b
31 −a √1− a2 − b2 −b
32 −a −√1− a2 − b2 −b
33 a −√1− a2 − b2 −b
34 12
√
1
2 − 12
35 − 12
√
1
2 − 12
36 − 12 −
√
1
2 − 12
37 12 −
√
1
2 − 12
38 0
√
1
3 −
√
2
3
39 0 −
√
1
3 −
√
2
3
40 b
√
1− a2 − b2 −a
41 −b √1− a2 − b2 −a
42 −b −√1− a2 − b2 −a
43 b −√1− a2 − b2 −a
44 0 0 −1
Algebraic Solutions -
The logarithmic and Inverse square 1/r2 potentials do have algebraic polynomial solutions.
For the logarithmic potential:
a = 0.8442833840592990183 . . . = a root of 691200x24 − 3478080x22 + 9152467x20 − 15187122x18
+ 17165426x16 − 14250220x14 + 8875691x12 − 3897914x10 + 1120864x8 − 220664x6
+ 36336x4 − 4288x2 + 192
b = 0.4632349389083088107 . . . = a root of 691200x24 − 3478080x22 + 9152467x20 − 15187122x18
+ 17165426x16 − 14250220x14 + 8875691x12 − 3897914x10 + 1120864x8 − 220664x6
+ 36336x4 − 4288x2 + 192
c = 0.3810484451509902075 . . . = a root of 1080x12 − 2091x10 − 1142x8 + 3896x6 − 2704x4
+ 976x2 − 96
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For the Coulomb 1/r potential:
The search for the algebraic parameters has failed to discover any polynomial of degree 360 or less.
For the Inverse square 1/r2 potential:
a = 0.8443034251069456299 . . . = a root of 12043468800x52 − 94325299200x50 + 429266873280x48
− 1703901418000x46 + 5455380810043x44 − 12392963212202x42 + 19545990279972x40
− 22627456700480x38 + 23684144499490x36 − 31217165599468x34 + 47978366955940x32
− 63666108478696x30 + 65311166784555x28 − 51305686880890x26 + 31120897634080x24
− 14613645697144x22 + 5241057684624x20 − 1365785078464x18 + 217064666944x16
− 686102656x14 − 9735799808x12 + 2370701824x10 − 179171328x8 − 28946432x6
+ 9895936x4 − 1220608x2 + 49152
b = 0.4631588728416063474 . . . = a root of 12043468800x52 − 94325299200x50 + 429266873280x48
− 1703901418000x46 + 5455380810043x44 − 12392963212202x42 + 19545990279972x40
− 22627456700480x38 + 23684144499490x36 − 31217165599468x34 + 47978366955940x32
− 63666108478696x30 + 65311166784555x28 − 51305686880890x26 + 31120897634080x24
− 14613645697144x22 + 5241057684624x20 − 1365785078464x18 + 217064666944x16
− 686102656x14 − 9735799808x12 + 2370701824x10 − 179171328x8 − 28946432x6
+ 9895936x4 − 1220608x2 + 49152
c = 0.3811445522653392825 . . . = a root of 106920x26 − 1105110x24 + 4390647x22 − 11158118x20
+ 20541668x18 − 24353800x16 + 13311840x14 + 4501056x12 − 11685760x10 + 7102720x8
− 1760512x6 + 25088x4 + 87040x2 − 10240
Minimal Energy values -
The coordinates for the Coulomb 1/r potential are known to 50,014 digits. The minimal energies have
been determined for all 3 potentials as well, but the algebraic polynomial is unknown for all 3.
Minimal Energy - 44 points
logarithmic -229.6418014875968238. . .
Coulomb 807.1742630846280758. . .
Inverse square law 836.0418318113427941. . .
Symmetries -
The symmetry groups for 44 points are identical under all 3 potentials. From the large count of
the groups in both parallel planes and polygons, it is easy to see that this configuration has intensive
symmetries embedded in the polyhedra.
Symmetries - 44 points
planes [[2, 3732], [4, 84], [8, 396], [10, 24], [20, 24], [68, 4], [140, 3], [144, 6]]
Gram groups [[24, 4], [44, 2], [48, 16], [96, 8], [216, 1]]
Polygons [[3, 7544], [4, 981], [6, 36], [8, 6], [10, 6]]
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9.46. 45 points. The symmetry groups for this configuration has only one entry for polygons [3,15].
Upon examination, this is actually the parameterization indicator, a set of 15 parallel triangles embedded
in this polyhedron. The arrangement is [3:3:3:3:3:3:3:3:3:3:3:3:3:3:3] which is balanced but a bit unusual.
Figure 49. 45 points.
Algebraic parameterization -
It requires 14 parameters to adequately constrain the 45 point set, due to the 15 embedded triangles
in the figure.
The algebraic parameterized structure is given below:
Table 67. Parameterization for 45 points
pt x y z
1 b
√
1− a2 − b2 a
2 −b−
√
3
√
1−a2−b2
2
b
√
3−√1−a2−b2
2 a
3 −b+
√
3
√
1−a2−b2
2
−b√3−√1−a2−b2
2 a
4 d −√1− c2 − d2 c
5 −d+
√
3
√
1−c2−d2
2
d
√
3+
√
1−c2−d2
2 c
6 −d−
√
3
√
1−c2−d2
2
−d√3+√1−c2−d2
2 c
7 f
√
1− e2 − f2 e
8
−f−√3
√
1−e2−f2
2
f
√
3−
√
1−e2−f2
2 e
9
−f+√3
√
1−e2−f2
2
−f√3−
√
1−e2−f2
2 e
10 h
√
1− g2 − h2 g
11
−h−√3
√
1−g2−h2
2
h
√
3−
√
1−g2−h2
2 g
12
−h+√3
√
1−g2−h2
2
−h√3−
√
1−g2−h2
2 g
13 j −
√
1− i2 − j2 i
14
−j+√3
√
1−i2−j2
2
j
√
3+
√
1−i2−j2
2 i
15
−j−√3
√
1−i2−j2
2
−j√3+
√
1−i2−j2
2 i
16 l −√1− k2 − l2 k
17 −l+
√
3
√
1−k2−l2
2
l
√
3+
√
1−k2−l2
2 k
18 −l−
√
3
√
1−k2−l2
2
−l√3+√1−k2−l2
2 k
19 n
√
1−m2 − n2 m
20 −n−
√
3
√
1−m2−n2
2
n
√
3−√1−m2−n2
2 m
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Table 67 – 45 points parameters – continued
pt x y z
21 −n+
√
3
√
1−m2−n2
2
−n√3−√1−m2−n2
2 m
22 1 0 0
23 − 12
√
3
2 0
24 − 12 −
√
3
2 0
25 n −√1−m2 − n2 −m
26 −n+
√
3
√
1−m2−n2
2
n
√
3+
√
1−m2−n2
2 −m
27 −n−
√
3
√
1−m2−n2
2
−n√3+√1−m2−n2
2 −m
28 l
√
1− k2 − l2 −k
29 −l−
√
3
√
1−k2−l2
2
l
√
3−√1−k2−l2
2 −k
30 −l+
√
3
√
1−k2−l2
2
−l√3−√1−k2−l2
2 −k
31 j
√
1− i2 − j2 −i
32
−j−√3
√
1−i2−j2
2
j
√
3−
√
1−i2−j2
2 −i
33
−j+√3
√
1−i2−j2
2
−j√3−
√
1−i2−j2
2 −i
34 h −
√
1− g2 − h2 −g
35
−h+√3
√
1−g2−h2
2
h
√
3+
√
1−g2−h2
2 −g
36
−h−√3
√
1−g2−h2
2
−h√3+
√
1−g2−h2
2 −g
37 f −
√
1− e2 − f2 −e
38
−f+√3
√
1−e2−f2
2
f
√
3+
√
1−e2−f2
2 −e
39
−f−√3
√
1−e2−f2
2
−f√3+
√
1−e2−f2
2 −e
40 d
√
1− c2 − d2 −c
41 −d−
√
3
√
1−c2−d2
2
d
√
3−√1−c2−d2
2 −c
42 −d+
√
3
√
1−c2−d2
2
−d√3−√1−c2−d2
2 −c
43 b −√1− a2 − b2 −a
44 −b+
√
3
√
1−a2−b2
2
b
√
3+
√
1−a2−b2
2 −a
45 −b−
√
3
√
1−a2−b2
2
−b√3+√1−a2−b2
2 −a
The values to 19 digits of the 14 parameters optimized for the minimal solutions of 45 points are:
Table 68. Parameter values for 45 points
Parameter log 1/r 1/r2
a 0.9448012977797529915 0.9446090189539352018 0.9444249538496973933
b 0.2975827807804567773 0.2974120108274068113 0.2972440703946039624
c 0.7866280406501610825 0.7863225435219266930 0.7859835891091541787
d 0.5311607571861045193 0.5307863665179054499 0.5307061927310007725
e 0.6580076535400015539 0.6564620371815712186 0.6550995497484144041
f 0.5150326203808932422 0.5165854646291564992 0.5179915653250577083
g 0.5704617934153301843 0.5710451211608503535 0.5711378658265501452
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Table 68 – 45 points parameters – continued
Parameter log 1/r 1/r2
h 0.8128947994873928471 0.8126461199831946751 0.8127083999873582932
i 0.3593360006397525969 0.3591975150162738452 0.3587851285984275580
j 0.8522973673080205546 0.8526016635459988540 0.8529259647707977230
k 0.2553162973486828234 0.2548416787990827249 0.2542717550538903899
l 0.5522703199981502771 0.5531992353715904161 0.5538189987679110910
m 0.1825666013633008320 0.1821998348980555125 0.1818035064680277061
n 0.8407843910871033489 0.8401562364350225808 0.8395437670842417963
energy -239.4536982534525604 846.1884010610781359 880.3579693212025387
All 14 parameters are all known to 50,014 digits precision, for all 3 potentials, but again, attempts to
find the algebraic numbers for these 42 parameters failed, the algebraic degree > 360.
The symmetry groups for the Logarithmic, Coulomb and Inverse square law potentials are all identical.
The polygon group hinted at the 15 parallel triangles, which was the correct alignment to use for
parameterization.
Symmetries - 45 points - Coulomb or Inverse sq.
planes [[15, 1]]
Gram groups [[6, 22], [12, 154], [45, 1]]
Polygons [[3, 15]]
9.47. 46 points. As might be expected, from the optimal 45 point configuration containing 15 co-
planar triangles for the optimal solution, adding 1 new point pushes it to a pole, while the other 45
points remain as 15 co-planar triangles with a line through their centroids going through the isolated
pole point, but they all slightly descend beneath the isolated point.
Figure 50. 46 points.
The 15 triangles are shown in figure 50 in alternating yellow and cyan outlines.
Algebraic parameterization -
It requires 24 parameters a - x to adequately constrain the 46 point set, due to the 15 embedded
triangles in the figure. It should be noted that there are some known points in the configuration, points
8-10 are known, as well as points 32-37, in all 3 potentials.
The algebraic parameterized structure is given below:
Table 69. Parameterization for 46 points
pt x y z
1 0 0 1
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Table 69 – 46 points parameters – continued
pt x y z
2 b −√1− a2 − b2 a
3 +
√
3
√
1−a2−b2−b
2
+b
√
3+
√
1−a2−b2
2 a
4 −
√
3
√
1−a2−b2−b
2
−b√3+√1−a2−b2
2 a
5 d
√
1− c2 − d2 c
6 +
√
3
√
1−c2−d2−d
2
−d√3−√1−c2−d2
2 c
7 −
√
3
√
1−c2−d2−d
2
+d
√
3−√1−c2−d2
2 c
8
√
2
3 0
√
1
3
9 −
√
1
6 +
√
1
2
√
1
3
10 −
√
1
6 −
√
1
2
√
1
3
11 f −
√
1− e2 − f2 e
12
+
√
3
√
1−e2−f2−f
2
+f
√
3+
√
1−e2−f2
2 e
13
−√3
√
1−e2−f2−f
2
−f√3+
√
1−e2−f2
2 e
14 h
√
1− g2 − h2 g
15
+
√
3
√
1−g2−h2−h
2
−h√3−
√
1−g2−h2
2 g
16
−√3
√
1−g2−h2−h
2
+h
√
3−
√
1−g2−h2
2 g
17 j −
√
1− i2 − j2 i
18
+
√
3
√
1−i2−j2−j
2
+j
√
3+
√
1−i2−j2
2 i
19
−√3
√
1−i2−j2−j
2
−j√3+
√
1−i2−j2
2 i
20 l
√
1− k2 − l2 k
21 +
√
3
√
1−k2−l2−l
2
−l√3−√1−k2−l2
2 k
22 −
√
3
√
1−k2−l2−l
2
+l
√
3−√1−k2−l2
2 k
23 n −√1−m2 − n2 m
24 +
√
3
√
1−m2−n2−n
2
+n
√
3+
√
1−m2−n2
2 m
25 −
√
3
√
1−m2−n2−n
2
−n√3+√1−m2−n2
2 m
26 p
√
1− o2 − p2 o
27
+
√
3
√
1−o2−p2−p
2
−p√3−
√
1−o2−p2
2 o
28
−√3
√
1−o2−p2−p
2
+p
√
3−
√
1−o2−p2
2 o
29 r −
√
1− q2 − r2 q
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Table 69 – 46 points parameters – continued
pt x y z
30
+
√
3
√
1−q2−r2−r
2
+r
√
3+
√
1−q2−r2
2 q
31
−√3
√
1−q2−r2−r
2
−r√3+
√
1−q2−r2
2 q
32 23
√
2 0 − 13
33 −
√
2
3
√
2
3 − 13
34 −
√
2
3 −
√
2
3 − 13
35 −
√
2
3 0 −
√
1
3
36
√
1
6 +
√
1
2 −
√
1
3
37
√
1
6 −
√
1
2 −
√
1
3
38 t
√
1− s2 − t2 s
39 +
√
3
√
1−s2−t2−t
2
−t√3−√1−s2−t2
2 s
40 −
√
3
√
1−s2−t2−t
2
+t
√
3−√1−s2−t2
2 s
41 v −√1− u2 − v2 u
42 +
√
3
√
1−u2−v2−v
2
+v
√
3+
√
1−u2−v2
2 u
43 −
√
3
√
1−u2−v2−v
2
−v√3+√1−u2−v2
2 u
44 x
√
1− w2 − x2 w
45 +
√
3
√
1−w2−x2−x
2
−x√3−√1−w2−x2
2 w
46 −
√
3
√
1−w2−x2−x
2
+x
√
3−√1−w2−x2
2 w
The values to 19 digits of the 24 parameters optimized for the minimal solutions of 46 points are:
Table 70. Parameter values for 46 points
Parameter log 1/r 1/r2
a 0.8675862714330420908 0.8677199245471095582 0.8678889908992212018
b 0.4489102568112173187 0.4493240191878207738 0.4495077494171742467
c 0.8073542358509505115 0.8084933810854576747 0.8096058113331843383
d 0.4709722071870518258 0.4696095622181022988 0.4684144190532517365
e 0.5302074417575879488 0.5313632533910031675 0.5322654743028723002
f 0.6023089241535305098 0.6017575319737985536 0.6013723144187563307
g 0.3911264855983178135 0.3902213575213371435 0.3895574306235108220
h 0.7006540113876593466 0.7015599236527649627 0.7022821398342988540
i 0.1749187766528298038 0.1732543475774688254 0.1717567457130871582
j 0.9181716090488710699 0.9187913904859897010 0.9194418187267255866
k 0.1340412251695277031 0.1343867730412334342 0.1345036401119759534
l 0.9676049333299480676 0.9678688634865276264 0.9680895041817102717
m 0.02657290099507830443 0.02606220098186304889 0.02560322995709392398
n 0.5717648554982521366 0.5728102191426471549 0.5736048981680224227
o -0.2008902683654080937 -0.2012703286551560381 -0.2018602701938234770
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Table 70 – 46 points parameters – continued
Parameter log 1/r 1/r2
p 0.7853030469670528034 0.7863769213430970882 0.7873482559694962344
q -0.3261261357837803286 -0.3275212992569916420 -0.3285473794342779728
r 0.8049112026245471598 0.8045596983830871199 0.8043762462034599139
s -0.6755013608187894653 -0.6745853983313513504 -0.6738452515769191825
t 0.6813884072241316567 0.6818540094021473591 0.6822950127427863829
u -0.7813827441383722216 -0.7804774000077704620 -0.7795022868524480195
v 0.5800679639436375106 0.5815962974107800149 0.5831209624307032022
w -0.9479068283509840667 -0.9476468118942033598 -0.9474261348834770462
x 0.2272342431235360469 0.2285520961890842169 0.2295870670818189546
energy -249.4558479008570933 886.1671136391913397 926.0623438450871291
There were some numeric calculation difficulties when running the Jacobian matrix, so desired full pre-
cision of 50,014 digits was not reached. The spherical codes are accurate to 77, 40, 40 digits respectively
for the logarithmic, Coulomb, and inverse square potentials.
Symmetries -
Symmetries - 46 points
planes [[4, 75], [15, 4]]
Gram groups [[6, 1], [12, 10], [24, 81], [46, 1]]
Polygons [[3, 60], [4, 75]]
9.48. 47 points. No attempts to parameterize 47 points from their optimal solutions were made, al-
though the single embedded heptagon might be an indicator of a possible arrangement. A careful second
look showed that 40 to 47 parameters were necessary to constrain this polyhedron.
Figure 51. 47 points.
Minimal Energy values -
The coordinates for 47 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 47 points
logarithmic -259.6617598532650787. . .
Coulomb 927.0592706797097552. . .
Inverse square law 972.8237449081603419. . .
Symmetries -
The symmetry groups for 47 points are identical under all 3 potentials.
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Symmetries - 47 points
planes [[4, 190], [35, 1]]
Gram groups [[2, 41], [4, 520], [47, 1]]
Polygons [[4, 190], [7, 1]]
9.49. 48 points. The symmetry group polygons hints strongly as squares embedded in the configura-
tion, after determining an optimal axis and rotating the polyhedron twice, it became obvious that 48
points were on 12 different parallel plane squares. This is an 4:4:4:4:4:4:4:4:4:4:4:4 arrangement.
Figure 52. 48 points.
Algebraic parameterization -
Only 18 parameters were required to adequately constrain the 48 point set, because the last 6 squares
had their z value the negative of the first 6 squares.
The algebraic parameterized structure is given below:
Table 71. Parameterization for 48 points
pt x y z
1 b 0 a
2 0 b a
3 −b 0 a
4 0 −b a
5 d
√
1− c2 − d2 c
6 −√1− c2 − d2 d c
7 −d −√1− c2 − d2 c
8
√
1− c2 − d2 −d c
9 f
√
1− e2 − f2 e
10 −
√
1− e2 − f2 f e
11 −f −
√
1− e2 − f2 e
12
√
1− e2 − f2 −f e
13 h
√
1− g2 − h2 g
14 −
√
1− g2 − h2 h g
15 −h −
√
1− g2 − h2 g
16
√
1− g2 − h2 −h g
17 j
√
1− i2 − j2 i
18 −
√
1− i2 − j2 j i
19 −j −
√
1− i2 − j2 i
20
√
1− i2 − j2 −j i
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Table 71 – 48 points parameters – continued
pt x y z
21 l
√
1− k2 − l2 k
22 −√1− k2 − l2 l k
23 −l −√1− k2 − l2 k
24
√
1− k2 − l2 −l k
25 m
√
1− k2 −m2 −k
26 −√1− k2 −m2 m −k
27 −m −√1− k2 −m2 −k
28
√
1− k2 −m2 −m −k
29 n
√
1− i2 − n2 −i
30 −√1− i2 − n2 n −i
31 −n −√1− i2 − n2 −i
32
√
1− i2 − n2 −n −i
33 o −
√
1− g2 − o2 −g
34 −
√
1− g2 − o2 −o −g
35 −o
√
1− g2 − o2 −g
36
√
1− g2 − o2 o −g
37 p
√
1− e2 − p2 −e
38 −
√
1− e2 − p2 p −e
39 −p −
√
1− e2 − p2 −e
40
√
1− e2 − p2 −p −e
41 q
√
1− c2 − q2 −c
42 −
√
1− c2 − q2 q −c
43 −q −
√
1− c2 − q2 −c
44
√
1− c2 − q2 −q −c
45 r
√
1− a2 − r2 −a
46 −√1− a2 − r2 r −a
47 −r −√1− a2 − r2 −a
48
√
1− a2 − r2 −r −a
The values to 19 digits of the 18 parameters optimized for the minimal solutions of 48 points are:
Table 72. Parameter values for 48 points
Parameter log 1/r 1/r2
a 0.9320721754443081266 0.9320520077178053482 0.9319666247545104778
b 0.3622726318154807716 0.3623245160201116168 0.3625440805525384080
c 0.7226497842867026243 0.7236545639499285646 0.7245542159811955933
d 0.4755085525730592076 0.4768192066001819708 0.4777538453225200198
e 0.6261193307867101643 0.6251449308091768179 0.6242071450014939539
f 0.7781389947087470409 0.7791559562515492960 0.7800655960443368334
g 0.3437492491883026209 0.3433387122079829769 0.3432084341129914291
h 0.4027389135091593085 0.4074354092793292925 0.4108795784146587298
i 0.2928342071643686616 0.2924344158234941378 0.2922099044059918069
j 0.8222242513321697287 0.8235655084678133153 0.8243778575539762615
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Table 72 – 48 points parameters – continued
Parameter log 1/r 1/r2
k 0.1143587051561581860 0.1157479313360371066 0.1168168699178071584
l 0.9929257634815719041 0.9928952246399484305 0.9928484844696680854
m 0.6204004765336294144 0.6231004337532618481 0.6251969494924084789
n 0.8833472048742723832 0.8854434199494314755 0.8870398387587905421
o 0.9205139849292685308 0.9201892361894765255 0.9199018958375438548
p 0.5059803484000719089 0.5082890237076752701 0.5100871017899912362
q 0.6865442453396316850 0.6858082276624378365 0.6850703583720513364
r 0.2170228473433140389 0.2193654799966509662 0.2211732981069128897
energy -270.1179499592826915 968.7134553437876326 1019.829580588535623
NOTE: Unfortunately, due to an unusual problem with the mathematics software, a bug is preventing
the ability to find 50,014 digits of the parameters or energy for all 3 potentials. The convergence software
was used to find 1,021 digits for the parameters instead which was very laborious.
Symmetries -
The symmetry groups for 48 points are identical under all 3 potentials.
Symmetries - 48 points
planes [[16, 4], [48, 3]]
Gram groups [[24, 18], [48, 39]]
Polygons [[3, 64], [4, 36]]
9.50. 49 points. The symmetry group for polygons hints that the structure might be one solitary point
and 16 triangles. Indeed, that was the optimal configuration, as rotating a minimal energy point set
into alignment with the triangles showed.
Figure 53. 49 points.
Algebraic parameterization -
It requires 32 parameters to adequately constrain the 49 point set, for the even number of 16 triangles
embedded in the polyhedron.
The algebraic parameterized structure is given below:
Table 73. Parameterization for 49 points
pt x y z
1 0 0 1
2 b 0 a
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Table 73 – 49 points parameters – continued
pt x y z
3 − b2 b
√
3
2 a
4 − b2 −b
√
3
2 a
5 d
√
1− c2 − d2 c
6 −d−
√
3
√
1−c2−d2
2
d
√
3−√1−c2−d2
2 c
7 −d+
√
3
√
1−c2−d2
2
−d√3−√1−c2−d2
2 c
8 f −
√
1− e2 − f2 e
9
−f−√3
√
1−e2−f2
2
−f√3+
√
1−e2−f2
2 e
10
−f+√3
√
1−e2−f2
2
+f
√
3+
√
1−e2−f2
2 e
11 h
√
1− g2 − h2 g
12
−h−√3
√
1−g2−h2
2
h
√
3−
√
1−g2−h2
2 g
13
−h+√3
√
1−g2−h2
2
−h√3−
√
1−g2−h2
2 g
14 j
√
1− i2 − j2 i
15
−j−√3
√
1−i2−j2
2
j
√
3−
√
1−i2−j2
2 i
16
−j+√3
√
1−i2−j2
2
−j√3−
√
1−i2−j2
2 i
17 l −√1− k2 − l2 k
18 −l−
√
3
√
1−k2−l2
2
−l√3+√1−k2−l2
2 k
19 −l+
√
3
√
1−k2−l2
2
+l
√
3+
√
1−k2−l2
2 k
20 n −√1−m2 − n2 m
21 −n−
√
3
√
1−m2−n2
2
−n√3+√1−m2−n2
2 m
22 −n+
√
3
√
1−m2−n2
2
+n
√
3+
√
1−m2−n2
2 m
23 p
√
1− o2 − p2 o
24
−p−√3
√
1−o2−p2
2
p
√
3−
√
1−o2−p2
2 o
25
−p+√3
√
1−o2−p2
2
−p√3−
√
1−o2−p2
2 o
26 r
√
1− q2 − r2 q
27
−r−√3
√
1−q2−r2
2
r
√
3−
√
1−q2−r2
2 q
28
−r+√3
√
1−q2−r2
2
−r√3−
√
1−q2−r2
2 q
29 t −√1− s2 − t2 s
30 −t−
√
3
√
1−s2−t2
2
−t√3+√1−s2−t2
2 s
31 −t+
√
3
√
1−s2−t2
2
+t
√
3+
√
1−s2−t2
2 s
32 v
√
1− u2 − v2 u
33 −v−
√
3
√
1−u2−v2
2
v
√
3−√1−u2−v2
2 u
34 −v+
√
3
√
1−u2−v2
2
−v√3−√1−u2−v2
2 u
35 x
√
1− w2 − x2 w
36 −x−
√
3
√
1−w2−x2
2
x
√
3−√1−w2−x2
2 w
37 −x+
√
3
√
1−w2−x2
2
−x√3−√1−w2−x2
2 w
38 z −
√
1− y2 − z2 y
39
−z−√3
√
1−y2−z2
2
−z√3+
√
1−y2−z2
2 y
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Table 73 – 49 points parameters – continued
pt x y z
40
−z+√3
√
1−y2−z2
2
+z
√
3+
√
1−y2−z2
2 y
41 B −√1−A2 −B2 A
42 −B−
√
3
√
1−A2−B2
2
−B√3+√1−A2−B2
2 A
43 −B+
√
3
√
1−A2−B2
2
+B
√
3+
√
1−A2−B2
2 A
44 D
√
1− C2 −D2 C
45 −D−
√
3
√
1−C2−D2
2
D
√
3−√1−C2−D2
2 C
46 −D+
√
3
√
1−C2−D2
2
−D√3−√1−C2−D2
2 C
47 F −√1− E2 − F 2 E
48 −F−
√
3
√
1−E2−F 2
2
−F√3+√1−E2−F 2
2 E
49 −F+
√
3
√
1−E2−F 2
2
+F
√
3+
√
1−E2−F 2
2 E
Parameterization values –
The values to 19 digits of the 32 parameters optimized for the minimal solutions of 49 points are:
Table 74. Parameter values for 49 points
Parameter log 1/r 1/r2
a 0.8793932629824731328 0.8792018226377346325 0.8791541480195582369
b 0.4760960922135770364 0.4764495304546803874 0.4765374948731785636
c 0.8137109170847478634 0.8157982924240811064 0.8177783481788855993
d 0.3161238981617116681 0.3128495487032312756 0.3099579960467028585
e 0.6085309852662297142 0.6085508844273354414 0.6087174241933589607
f 0.7161362722912167638 0.7172613587779483886 0.7179268099009106912
g 0.5600046405690230748 0.5613204297264755954 0.5625202003388636163
h 0.7881249661236182509 0.7859324832379948208 0.7841722610166736543
i 0.4221399993847407942 0.4223715856104007130 0.4227797911749838521
j 0.5475711031770011130 0.5430554560191582830 0.5396644365686091853
k 0.2130873989325435554 0.2135152649932475287 0.2138041648890469543
l 0.9724177353468279008 0.9726483617063639642 0.9727739053030582458
m 0.2021242646392268656 0.2012490117326880320 0.2003472030848887870
n 0.7643353698583752208 0.7682282819745653787 0.7711428562778039848
o 0.09483964870312775635 0.09393760913899789848 0.09304301855654624734
p 0.8784813445859752458 0.8767237270049579922 0.8756480162916912762
q -0.1288980921737543076 -0.1280584235000077446 -0.1274073537988331313
r 0.5244586197678084657 0.5195882780974520738 0.5160975032076731476
s -0.2586022719455941792 -0.2600997162632330234 -0.2618794589369973239
t 0.8521992187687367899 0.8543171605483494817 0.8555517689328800789
u -0.2634563076088891862 -0.2639879441599654627 -0.2647392774408586690
v 0.9624420737103483806 0.9619138338644125246 0.9614474630667256610
w -0.4284095129470309682 -0.4288251319572060690 -0.4292433382030535948
x 0.7549074785399459162 0.7519069282021759227 0.7497178690791479332
y -0.6134412031364999058 -0.6145869048352859905 -0.6156778166220145042
z 0.4962353823945488833 0.4971013992289302885 0.4971382898379245231
A -0.6748173185102826475 -0.6742603371333260692 -0.6741530469146048714
B 0.7246300642092983773 0.7257344598675112783 0.7261547182502060555
C -0.8118942938089824596 -0.8123279285719047540 -0.8128547470469438606
D 0.5017520060243855969 0.5007301850031944294 0.4998592320357899631
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Table 74 – 49 points parameters – continued
Parameter log 1/r 1/r2
E -0.9476454507644124361 -0.9476416280064657552 -0.9477101806997068536
F 0.2696875985541636261 0.2708687504081964421 0.2716010625781302213
energy -280.7019031182561337 1011.557182653571971 1069.559739809892139
NOTE: A bug was found during the run for this configuration with the partial differentiation operator,
disabling the ability to find these 32 parameters to more than 38 digits or so. By removing the fixed
point and creating and then running the Jacobian as a matrix of all variables, higher precision was
available for the parameters (digits: 48,299 - log, 28,205 - Coulomb, 28,378 - Inverse Square).
Symmetries -
The symmetry groups for 49 points are identical under all 3 potentials.
Symmetries - 49 points
planes [[16, 1]]
Gram groups [[6, 392], [49, 1]]
Polygons [[3, 16]]
9.51. 50 points. The optimal configuration for 50 points is interesting, the embedded polygons actually
contain a set of 8 parallel regular hexagons, and 2 poles, thus making a balanced [1:6:6:6:6:6:6:6:6:1]
arrangement. See figure 54 below, where the regular hexagons are highlighted in yellow.
Figure 54. 50 points.
The parallel regular hexagons are exploited to create the algebraic structure.
Algebraic parameterization -
It was discovered, after aligning the 8 regular hexagons, that the 50 point set could be parameterized
by 4 algebraic parameters a, b, c and d, which are the distances along the polar axis.
The algebraic parameterized structure is given below:
Table 75. Parameterization for 50 points
pt x y z
1 0 0 1
2
√
1− a2 0 a
3
√
1−a2
2
√
3
2
√
1− a2 a
4 −
√
1−a2
2
√
3
2
√
1− a2 a
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Table 75 – 50 points parameters – continued. . .
pt x y z
5 −√1− a2 0 a
6 −
√
1−a2
2 −
√
3
2
√
1− a2 a
7
√
1−a2
2 −
√
3
2
√
1− a2 a
8 0
√
1− b2 b
9
√
3
2
√
1− b2
√
1−b2
2 b
10
√
3
2
√
1− b2 −
√
1−b2
2 b
11 0 −√1− b2 b
12 −
√
3
2
√
1− b2 −
√
1−b2
2 b
13 −
√
3
2
√
1− b2
√
1−b2
2 b
14
√
1− c2 0 c
15
√
1−c2
2
√
3
2
√
1− c2 c
16 −
√
1−c2
2
√
3
2
√
1− c2 c
17 −√1− c2 0 c
18 −
√
1−c2
2 −
√
3
2
√
1− c2 c
19
√
1−c2
2 −
√
3
2
√
1− c2 c
20 0
√
1− d2 d
21
√
3
2
√
1− d2
√
1−d2
2 d
22
√
3
2
√
1− d2 −
√
1−d2
2 d
23 0 −√1− d2 d
24 −
√
3
2
√
1− d2 −
√
1−d2
2 d
25 −
√
3
2
√
1− d2
√
1−d2
2 d
26
√
1− d2 0 −d
27
√
1−d2
2
√
3
2
√
1− d2 −d
28 −
√
1−d2
2
√
3
2
√
1− d2 −d
29 −√1− d2 0 −d
30 −
√
1−d2
2 −
√
3
2
√
1− d2 −d
31
√
1−d2
2 −
√
3
2
√
1− d2 −d
32 0
√
1− c2 −c
33
√
3
2
√
1− c2
√
1−c2
2 −c
34
√
3
2
√
1− c2 −
√
1−c2
2 −c
35 0 −√1− c2 −c
36 −
√
3
2
√
1− c2 −
√
1−c2
2 −c
37 −
√
3
2
√
1− c2
√
1−c2
2 −c
38
√
1− b2 0 −b
39
√
1−b2
2
√
3
2
√
1− b2 −b
40 −
√
1−b2
2
√
3
2
√
1− b2 −b
41 −√1− b2 0 −b
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Table 75 – 50 points parameters – continued. . .
pt x y z
42 −
√
1−b2
2 −
√
3
2
√
1− b2 −b
43
√
1−b2
2 −
√
3
2
√
1− b2 −b
44 0
√
1− a2 −a
45
√
3
2
√
1− a2
√
1−a2
2 −a
46
√
3
2
√
1− a2 −
√
1−a2
2 −a
47 0 −√1− a2 −a
48 −
√
3
2
√
1− a2 −
√
1−a2
2 −a
49 −
√
3
2
√
1− a2
√
1−a2
2 −a
50 0 0 −1
Parameters and Minimal Energy values -
Table 76. Parameter values for 50 points
Parameter log 1/r 1/r2
a 0.8515838011853908757 0.8513832027240754402 0.8514411311335073360
b 0.5845080765467688786 0.5859466784603221965 0.5875147416660090262
c 0.3823580555306074125 0.3828907922740789633 0.3834970349379620340
d 0.1056903533827164585 0.1079740016327089417 0.1100866382336972714
energy -291.5286006577343690 1055.182314726296099 1119.599506531607568
Symmetries -
The symmetry groups for 50 points are identical under all 3 potentials.
Symmetries - 50 points
planes [[4, 1008], [120, 6], [160, 1]]
Gram groups [[2, 1], [12, 4], [24, 40], [48, 30], [50, 1]]
Polygons [[4, 1008], [6, 8], [10, 6]]
9.52. 51 points. The symmetry groups for polygons shows that there are 17 parallel triangles em-
bedded in the configuration of 51 points, and that is the preferred alignment for parameterization.
This is similar to the configuration with 45 points, which required 15 triangles. The arrangement is
[3:3:3:3:3:3:3:3:3:3:3:3:3:3:3:3:3].
Figure 55. 51 points.
Algebraic parameterization -
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It took 16 parameters to adequately constrain the polyhedron. The parameters adjust the height of
the triangle along the z-axis, and the rotation of the triangle from the standard [1,0,0] vertex position
along the x-axis.
The algebraic parameterized structure is given below:
Table 77. Parameterization for 51 points
pt x y z
1 b −√1− a2 − b2 a
2 −b−
√
3
√
1−a2−b2
2
−b√3+√1−a2−b2
2 a
3 −b+
√
3
√
1−a2−b2
2
+b
√
3+
√
1−a2−b2
2 a
4 d −√1− c2 − d2 c
5 −d−
√
3
√
1−c2−d2
2
−d√3+√1−c2−d2
2 c
6 −d+
√
3
√
1−c2−d2
2
+d
√
3+
√
1−c2−d2
2 c
7 f
√
1− e2 − f2 e
8
−f−√3
√
1−e2−f2
2
+f
√
3−
√
1−e2−f2
2 e
9
−f+√3
√
1−e2−f2
2
−f√3−
√
1−e2−f2
2 e
10 h −
√
1− g2 − h2 g
11
−h−√3
√
1−g2−h2
2
−h√3+
√
1−g2−h2
2 g
12
−h+√3
√
1−g2−h2
2
+h
√
3+
√
1−g2−h2
2 g
13 j −
√
1− i2 − j2 i
14
−j−√3
√
1−i2−j2
2
−j√3+
√
1−i2−j2
2 i
15
−j+√3
√
1−i2−j2
2
+j
√
3+
√
1−i2−j2
2 i
16 l
√
1− k2 − l2 k
17 −l−
√
3
√
1−k2−l2
2
+l
√
3−√1−k2−l2
2 k
18 −l+
√
3
√
1−k2−l2
2
−l√3−√1−k2−l2
2 k
19 n
√
1−m2 − n2 m
20 −n−
√
3
√
1−m2−n2
2
+n
√
3−√1−m2−n2
2 m
21 −n+
√
3
√
1−m2−n2
2
−n√3−√1−m2−n2
2 m
22 p −
√
1− o2 − p2 o
23
−p−√3
√
1−o2−p2
2
−p√3+
√
1−o2−p2
2 o
24
−p+√3
√
1−o2−p2
2
+p
√
3+
√
1−o2−p2
2 o
25 1 0 0
26 − 12
√
3
2 0
27 − 12 −
√
3
2 0
28 p
√
1− o2 − p2 −o
29
−p−√3
√
1−o2−p2
2
+p
√
3−
√
1−o2−p2
2 −o
30
−p+√3
√
1−o2−p2
2
−p√3−
√
1−o2−p2
2 −o
31 n −√1−m2 − n2 −m
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Table 77 – 51 points parameters – continued
pt x y z
32 −n−
√
3
√
1−m2−n2
2
−n√3+√1−m2−n2
2 −m
33 −n+
√
3
√
1−m2−n2
2
+n
√
3+
√
1−m2−n2
2 −m
34 l −√1− k2 − l2 −k
35 −l−
√
3
√
1−k2−l2
2
−l√3+√1−k2−l2
2 −k
36 −l+
√
3
√
1−k2−l2
2
+l
√
3+
√
1−k2−l2
2 −k
37 j
√
1− i2 − j2 −i
38
−j−√3
√
1−i2−j2
2
+j
√
3−
√
1−i2−j2
2 −i
39
−j+√3
√
1−i2−j2
2
−j√3−
√
1−i2−j2
2 −i
40 h
√
1− g2 − h2 −g
41
−h−√3
√
1−g2−h2
2
+h
√
3−
√
1−g2−h2
2 −g
42
−h+√3
√
1−g2−h2
2
−h√3−
√
1−g2−h2
2 −g
43 f −
√
1− e2 − f2 −e
44
−f−√3
√
1−e2−f2
2
−f√3+
√
1−e2−f2
2 −e
45
−f+√3
√
1−e2−f2
2
+f
√
3+
√
1−e2−f2
2 −e
46 d
√
1− c2 − d2 −c
47 −d−
√
3
√
1−c2−d2
2
+d
√
3−√1−c2−d2
2 −c
48 −d+
√
3
√
1−c2−d2
2
−d√3−√1−c2−d2
2 −c
49 b
√
1− a2 − b2 −a
50 −b−
√
3
√
1−a2−b2
2
+b
√
3−√1−a2−b2
2 −a
51 −b+
√
3
√
1−a2−b2
2
−b√3−√1−a2−b2
2 −a
The values to 19 digits of the 16 parameters a − p optimized for the minimal solutions of 51 points
are:
Table 78. Parameter values for 51 points
Parameter log 1/r 1/r2
a 0.9500652207774683361 0.9500282116483405921 0.9500374260030636337
b 0.1646528481400221695 0.1639569774313236922 0.1630127817167423243
c 0.8186390936870304855 0.8188298973341696733 0.8191941790044680608
d 0.5741910519933984701 0.5739410414981816943 0.5734303120729397311
e 0.6832630240617076390 0.6834505906070375497 0.6837609525896807308
f 0.5588323177474157581 0.5577214009664225186 0.5568250061658443812
g 0.6304195432017679592 0.6310543252073115408 0.6317123645050443373
h 0.5770709334741273205 0.5784429813501436479 0.5794797231422024974
i 0.4589774254146343573 0.4587811485513831032 0.4587428395797030510
j 0.8789825263781554468 0.8791127250788025677 0.8791756144406620436
k 0.3201548901453516992 0.3212708195372814348 0.3219603157388288894
l 0.8683386493234643667 0.8688030870042235108 0.8692352775194469122
m 0.2484977046437503842 0.2498059292228536024 0.2510107591820098522
n 0.5452669446733529639 0.5461552655574545929 0.5469419915411525667
o 0.1541160520726872650 0.1536691010218526061 0.1536525290746748091
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Table 78 – 51 points parameters – continued
Parameter log 1/r 1/r2
p 0.8201413317927946452 0.8204747398807752826 0.8207839753618648537
energy -302.5336734554331932 1099.819290318898223 1171.328381382107580
All 16 parameters have 50,014 digits precision, for all 3 potentials, but the degree of the algebraic
polynomials are > 360. The minimal energies also have been found to this precision, but no algebraic
polynomials have been found.
Symmetries -
The symmetry groups for 51 points are identical under all 3 potentials.
Symmetries - 51 points
planes [[17, 1]]
Gram groups [[6, 25], [12, 200], [51, 1]]
Polygons [[3, 17]]
9.53. 52 points. The configuration for 52 points contains 17 parallel triangles also, just as in the
configuration for 51 points. However a lone point has been added, and as expected, it migrated to a
pole and pushed all 17 parallel triangles a bit closer to the opposite pole to compensate for the minimal
energy configuration. The arrangement of polygons is [1:3:3:3:3:3:3:3:3:3:3:3:3:3:3:3:3:3].
The configuration of 52 points shows what happens when 1 solitary point is added to a balanced
configuration with even parities. The 51 points still want to stay in the 17 triangles, pushing the lone
point away (so to speak).
Figure 56. 52 points.
Algebraic parameterization -
It took 34 parameters to adequately constrain the polyhedron. While running the GP-Pari software,
the very large size of the Jacobian matrix is hindering the ability to obtain 50,014 digits accuracy for
all 34 parameters. The parameters are known to about 6,762, 9,921, and 20,653 digits for the potentials
respectively.
The algebraic parameterized structure is given below:
Table 79. Parameterization for 52 points
pt x y z
1 0 0 1
2 b
√
1− a2 − b2 a
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Table 79 – 52 points parameters – continued
pt x y z
3 −b−
√
3
√
1−a2−b2
2
b
√
3−√1−a2−b2
2 a
4 −b+
√
3
√
1−a2−b2
2
−b√3−√1−a2−b2
2 a
5 d −√1− c2 − d2 c
6 −d−
√
3
√
1−c2−d2
2
−d√3+√1−c2−d2
2 c
7 −d+
√
3
√
1−c2−d2
2
d
√
3+
√
1−c2−d2
2 c
8 f
√
1− e2 − f2 e
9
−f−√3
√
1−e2−f2
2
f
√
3−
√
1−e2−f2
2 e
10
−f+√3
√
1−e2−f2
2
−f√3−
√
1−e2−f2
2 e
11 h −
√
1− g2 − h2 g
12
−h−√3
√
1−g2−h2
2
−h√3+
√
1−g2−h2
2 g
13
−h+√3
√
1−g2−h2
2
h
√
3+
√
1−g2−h2
2 g
14 j −
√
1− i2 − j2 i
15
−j−√3
√
1−i2−j2
2
−j√3+
√
1−i2−j2
2 i
16
−j+√3
√
1−i2−j2
2
j
√
3+
√
1−i2−j2
2 i
17 l
√
1− k2 − l2 k
18 −l−
√
3
√
1−k2−l2
2
l
√
3−√1−k2−l2
2 k
19 −l+
√
3
√
1−k2−l2
2
−l√3−√1−k2−l2
2 k
20 n
√
1−m2 − n2 m
21 −n−
√
3
√
1−m2−n2
2
n
√
3−√1−m2−n2
2 m
22 −n+
√
3
√
1−m2−n2
2
−n√3−√1−m2−n2
2 m
23 p −
√
1− o2 − p2 o
24
−p−√3
√
1−o2−p2
2
−p√3+
√
1−o2−p2
2 o
25
−p+√3
√
1−o2−p2
2
p
√
3+
√
1−o2−p2
2 o
26 r −
√
1− q2 − r2 q
27
−r−√3
√
1−q2−r2
2
−r√3+
√
1−q2−r2
2 q
28
−r+√3
√
1−q2−r2
2
r
√
3+
√
1−q2−r2
2 q
29 t
√
1− s2 − t2 s
30 −t−
√
3
√
1−s2−t2
2
t
√
3−√1−s2−t2
2 s
31 −t+
√
3
√
1−s2−t2
2
−t√3−√1−s2−t2
2 s
32 v −√1− u2 − v2 u
33 −v−
√
3
√
1−u2−v2
2
−v√3+√1−u2−v2
2 u
34 −v+
√
3
√
1−u2−v2
2
v
√
3+
√
1−u2−v2
2 u
35 x
√
1− w2 − x2 w
36 −x−
√
3
√
1−w2−x2
2
x
√
3−√1−w2−x2
2 w
37 −x+
√
3
√
1−w2−x2
2
−x√3−√1−w2−x2
2 w
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Table 79 – 52 points parameters – continued
pt x y z
38 z −
√
1− y2 − z2 y
39
−z−√3
√
1−y2−z2
2
−z√3+
√
1−y2−z2
2 y
40
−z+√3
√
1−y2−z2
2
z
√
3+
√
1−y2−z2
2 y
41 B
√
1−A2 −B2 A
42 −B−
√
3
√
1−A2−B2
2
B
√
3−√1−A2−B2
2 A
43 −B+
√
3
√
1−A2−B2
2
−B√3−√1−A2−B2
2 A
44 D −√1− C2 −D2 C
45 −D−
√
3
√
1−C2−D2
2
−D√3+√1−C2−D2
2 C
46 −D+
√
3
√
1−C2−D2
2
D
√
3+
√
1−C2−D2
2 C
47 F
√
1− E2 − F 2 E
48 −F−
√
3
√
1−E2−F 2
2
F
√
3−√1−E2−F 2
2 E
49 −F+
√
3
√
1−E2−F 2
2
−F√3−√1−E2−F 2
2 E
50 H
√
1−G2 −H2 G
51 −H−
√
3
√
1−G2−H2
2
H
√
3−√1−G2−H2
2 G
52 −H+
√
3
√
1−G2−H2
2
−H√3−√1−G2−H2
2 G
The values to 19 digits of the 34 parameters a −H optimized for the minimal solutions of 52 points
are:
Table 80. Parameter values for 52 points
Parameter log 1/r 1/r2
a 0.8706630011276560540 0.8723519785822495549 0.8738459352037142167
b 0.3058683137869242888 0.4831238878900578207 0.3080817730531670942
c 0.8484645284123887382 0.8484664910776997699 0.8488471726513630728
d 0.5225702255327457643 0.3361375252612937478 0.5207457510779873333
e 0.6015576073987396212 0.6026753986972674138 0.6036865799410745010
f 0.7140271626487281802 0.04781361365914809882 0.7150793584878285535
g 0.5833701079946160612 0.5856095541115671389 0.5874101044771674286
h 0.5435720099846360477 0.7932534931832303115 0.5366078366373861738
i 0.5040041862815182345 0.5018706754352640984 0.5003549756052836641
j 0.8427352880201589519 0.5854592126228281719 0.8443174890015326976
k 0.2559195170207020609 0.2534462735644271870 0.2512709103348453451
l 0.6390376129557583582 -0.3084119808673279526 0.6438983071533074998
m 0.1908228343504637555 0.1897410295901644260 0.1885874918858391005
n 0.9497525527553429692 0.6913853557169998241 0.9504214540969711631
o 0.1310057787869638767 0.1334432919276150316 0.1348439491938194020
p 0.7473074950384233893 0.9364302200454692711 0.7476328231305885968
q 0.03125817649702673287 0.02908229297881019834 0.02736435025542482835
r 0.9746557858317675961 0.2990203430729341725 0.9751025032519538915
s -0.1828684817110674671 -0.1869330581786416249 -0.1903444166730965433
t 0.8255355977473824818 0.8739681452333602791 0.8276992180749213761
u -0.2715343734588587209 -0.2700033045533876398 -0.2694970936484554191
v 0.5000839927501612914 -0.4619931711964975103 0.4973892359385221717
w -0.3857234863599258731 -0.3872818124566919064 -0.3879682133809512694
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Table 80 – 52 points parameters – continued
Parameter log 1/r 1/r2
x 0.9198246249202365391 0.5213798463964816191 0.9192471047859312750
y -0.3963519344729299641 -0.3938072174446410203 -0.3920825776355011644
z 0.8125509955743114253 0.7775882207702676006 0.8119100018491940300
A -0.6467935116218329224 -0.6487683444659193073 -0.6501922799629996047
B 0.6401710405118081767 0.6771060965321145290 0.6410606988265590544
C -0.7150341921860741312 -0.7114755064516761238 -0.7088680497803384494
D 0.4535969026111252927 0.6912129949953693095 0.4536583943272281180
E -0.7968037472875334574 -0.7970731610485781829 -0.7968700457690127335
F 0.6004272512336641681 0.3610786938306778951 0.5993422515285554206
G -0.9552893441051859324 -0.9548303569438954492 -0.9544148962268187706
H 0.2019979465132786674 0.2900942229392094713 0.2014481720952456543
energy -313.7323719353269477 1145.418964319278931 1224.478456072020493
Although the parameters are known to over 6,762 digits, the degree of the algebraic polynomials are
> 360.
Symmetries -
The symmetry groups for 52 points are identical under all 3 potentials.
Symmetries - 52 points
planes [[17, 1]]
Gram groups [[6, 442], [52, 1]]
Polygons [[3, 17]]
9.54. 53 points. The symmetry groups for this configuration show an embedded nonagon as the possible
alignment orientation. After rotation, it was discovered that this was correct, as the arrangement then
assumed a balanced configuration with 11 dipoles above and 11 dipoles below the nonagon. This is a
2:2:2:2:2:2:2:2:2:2:2:9:2:2:2:2:2:2:2:2:2:2:2 arrangement.
Figure 57. 53 points.
The nonagon is highlighted in yellow in figure 57.
Algebraic parameterization -
It requires 27 parameters a - z, A, to adequately constrain the 53 point set, due to the 22 dipoles and
the nonagon in the polyhedron.
The algebraic parameterized structure is given below:
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Table 81. Parameterization for 53 points
pt x y z
1 −√1− a2 0 a
2 d
√
1− c2 − d2 c
3 d −√1− c2 − d2 c
4 −f
√
1− e2 − f2 e
5 −f −
√
1− e2 − f2 e
6 −h
√
1− g2 − h2 g
7 −h −
√
1− g2 − h2 g
8
√
1− i2 0 i
9 k
√
1− j2 − k2 j
10 k −
√
1− j2 − k2 j
11 m
√
1− l2 −m2 l
12 m −√1− l2 −m2 l
13 −o √1− n2 − o2 n
14 −o −√1− n2 − o2 n
15 −q
√
1− p2 − q2 p
16 −q −
√
1− p2 − q2 p
17 −s √1− r2 − s2 r
18 −s −√1− r2 − s2 r
19 u
√
1− t2 − u2 t
20 u −√1− t2 − u2 t
21 w
√
1− v2 − w2 v
22 w −√1− v2 − w2 v
23 x
√
1− x2 0
24 x −√1− x2 0
25 y
√
1− y2 0
26 y −
√
1− y2 0
27 −z √1− z2 0
28 −z −√1− z2 0
29 −A √1−A2 0
30 −A −√1−A2 0
31 −1 0 0
32 w
√
1− v2 − w2 −v
33 w −√1− v2 − w2 −v
34 u
√
1− t2 − u2 −t
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Table 81 – 53 points parameters – continued
pt x y z
35 u −√1− t2 − u2 −t
36 −s √1− r2 − s2 −r
37 −s −√1− r2 − s2 −r
38 −q
√
1− p2 − q2 −p
39 −q −
√
1− p2 − q2 −p
40 −o √1− n2 − o2 −n
41 −o −√1− n2 − o2 −n
42 m
√
1− l2 −m2 −l
43 m −√1− l2 −m2 −l
44 k
√
1− j2 − k2 −j
45 k −
√
1− j2 − k2 −j
46
√
1− i2 0 −i
47 −h
√
1− g2 − h2 −g
48 −h −
√
1− g2 − h2 −g
49 −f
√
1− e2 − f2 −e
50 −f −
√
1− e2 − f2 −e
51 d
√
1− c2 − d2 −c
52 d −√1− c2 − d2 −c
53 −√1− a2 0 −a
The values to 19 digits of the 27 parameters optimized for the minimal solutions of 53 points are:
Table 82. Parameter values for 53 points
Parameter log 1/r 1/r2
a 0.9922383091687744256 0.9919970752578312165 0.9917562612873874211
b 0 0 0
c 0.9141640467130687061 0.9137948756226166472 0.9134199495737052469
d 0.3184397348683263442 0.3189184297296864645 0.3193806174383299475
e 0.8449219588410066192 0.8443036628333433686 0.8436975246510814288
f 0.1810473889784751108 0.1799415635599399358 0.1790322902624099246
g 0.7880792401220870453 0.7880317010914089433 0.7877851154269705704
h 0.5677986568990037053 0.5677626888192366040 0.5679669190393804607
i 0.6966525423673355375 0.6946023380292713758 0.6926436782490230069
j 0.6875712107615540485 0.6868567714732249430 0.6859067230504037892
k 0.2374914528531061836 0.2383382588782405128 0.2390057734785773905
l 0.5532059876067849599 0.5524320199170037729 0.5516368342462199810
m 0.6707627292478623810 0.6701920894981987551 0.6697095690960534540
n 0.4698157495683047133 0.4699431853813217994 0.4699674631189391416
o 0.5813134415847384899 0.5827468057332981069 0.5840887813626190508
p 0.4480791504390199042 0.4485072806945607078 0.4486284865078888804
q 0.1526688121035634178 0.1517834562802006705 0.1511015231543868104
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Table 82 – 53 points parameters – continued
Parameter log 1/r 1/r2
r 0.4133080166336308382 0.4136712968057477030 0.4135759473295635466
s 0.8744719800805626432 0.8747384398326747673 0.8751431788561740542
t 0.2679602460353038208 0.2673534741614292354 0.2665765364798368368
u 0.4154029800247448943 0.4141852898838646499 0.4133830734016139632
v 0.2517580787119970043 0.2508448208111062956 0.2500433683526314356
w 0.9389778880938943014 0.9391679047684926740 0.9392941178835976341
x 0.7671316788838533519 0.7673423007824083778 0.7675617508389593562
y 0.01087226818819071404 0.01044232174511778970 0.01045987222671940437
z 0.4791317312088363128 0.4782595721394172755 0.4773954386364521234
A 0.8394790556632479107 0.8404553760294120893 0.8412649158721593487
energy -325.1382346950206751 1191.922290416224369 1278.652206247138828
After working with the parameterization, it was discovered that one parameter, b, could be set to 0
as shown. Unfortunately the GP-Pari program encountered a ”matsolve: impossible inverse in Gauss”
error in the Jacobian while enhancing precision and the parameters had to be found by direct descent.3d
search to 1,001 digits accuracy instead.
Symmetries -
The parallel planes for 53 points are different under each potential, otherwise the Gram matrix and
polygon groups are identical.
Symmetries - 53 points - logarithmic
planes [[4, 480], [10, 1], [40, 1], [84, 1]]
Gram groups [[2, 6], [4, 50], [8, 318], [53, 1]]
Polygons [[4, 490], [5, 1], [9, 1]]
Symmetries - 53 points - Coulomb
planes [[2, 12], [3, 4], [4, 470], [10, 1], [40, 1], [84, 1]]
Gram groups [[2, 6], [4, 50], [8, 318], [53, 1]]
Polygons [[4, 490], [5, 1], [9, 1]]
Symmetries - 53 points - Inverse sq.
planes [[2, 8], [3, 5], [4, 471], [10, 1], [40, 1], [84, 1]]
Gram groups [[2, 6], [4, 50], [8, 318], [53, 1]]
Polygons [[4, 490], [5, 1], [9, 1]]
9.55. 54 points. The optimal configuration for 54 points does not allow for parameterization. This is
the fourth such set of points (previous: 26 pts, 35 pts, 36 pts).
Minimal Energy values -
The coordinates for 54 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
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Figure 58. 54 points.
Minimal Energy - 54 points
logarithmic -336.7454643971100850. . .
Coulomb 1239.361474729158935. . .
Inverse square law 1334.084895358264508. . .
Symmetries -
The Gram matrix is slightly different for the Coulomb 1/r potential.
Symmetries - 54 points - logarithmic
planes []
Gram groups [[2, 27], [4, 702], [54, 1]]
Polygons []
Symmetries - 54 points - Coulomb
planes []
Gram groups [[2, 29], [4, 701], [54, 1]]
Polygons []
Symmetries - 54 points - Inverse sq
planes []
Gram groups [[2, 27], [4, 702], [54, 1]]
Polygons []
9.56. 55 points. Like the case with 54 points, the optimal configurations for 55 points also does not
allow for parameterization. This is the fifth such set of points (previous: 26 pts, 35 pts, 36 pts, 54 pts).
Figure 59. 55 points.
Minimal Energy values -
The coordinates for 55 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
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Minimal Energy - 55 points
logarithmic -348.5417962810725430. . .
Coulomb 1287.772720782708749. . .
Inverse square law 1390.969194237451016. . .
Symmetries -
As in the case for 54 points, the Gram matrix is slightly different for the Coulomb 1/r potential.
Symmetries - 55 points - logarithmic
planes []
Gram groups [[2, 27], [4, 729], [55, 1]]
Polygons []
Symmetries - 55 points - Coulomb
planes []
Gram groups [[2, 29], [4, 728], [55, 1]]
Polygons []
Symmetries - 55 points - Inverse sq.
planes []
Gram groups [[2, 27], [4, 729], [55, 1]]
Polygons []
9.57. 56 points. The optimal configurations for 56 points do not allow for a parameterization. This is
the sixth such set (previous: 26, 35, 36, 54, 55 pts). As the number of points in a set increases, more and
more optimal configurations occur which cannot be parameterized, thus forcing a direct optimization of
the spherical code instead.
Figure 60. 56 points.
Minimal Energy values -
The coordinates for 56 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 56 points
logarithmic -360.5458992442545471. . .
Coulomb 1337.094945275657077. . .
Inverse square law 1448.954274110880227. . .
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Symmetries -
The Gram matrix group for the logarithmic potential is slightly different from the other two potentials.
Symmetries - 56 points - logarithmic
planes []
Gram groups [[2, 28], [4, 756], [56, 1]]
Polygons []
Symmetries - 56 points - Coulomb
planes []
Gram groups [[4, 42], [8, 364], [56, 1]]
Polygons []
Symmetries - 56 points - Inverse sq.
planes []
Gram groups [[4, 42], [8, 364], [56, 1]]
Polygons []
9.58. 57 points. The polygons group of the symmetry groups indicates that the optimal configura-
tion consists of 19 parallel triangles, and rotating a random minimal energy configuration confirms the
symmetry group. A constraining parameterization was found.
Figure 61. 57 points.
Algebraic parameterization -
It requires 18 parameters to adequately constrain the 57 point set, due to the 19 embedded triangles in
the figure. Since the figure is balanced around the equilateral triangle at the equator, only 18 parameters
are required.
The algebraic parameterized structure is given below:
Table 83. Parameterization for 57 points
pt x y z
1 b −√1− a2 − b2 a
2 −b−
√
3
√
1−a2−b2
2
−b√3+√1−a2−b2
2 a
3 −b+
√
3
√
1−a2−b2
2
+b
√
3+
√
1−a2−b2
2 a
4 d −√1− c2 − d2 c
5 −d−
√
3
√
1−c2−d2
2
−d√3+√1−c2−d2
2 c
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Table 83 – 57 points parameters – continued
pt x y z
6 −d+
√
3
√
1−c2−d2
2
+d
√
3+
√
1−c2−d2
2 c
7 f
√
1− e2 − f2 e
8
−f−√3
√
1−e2−f2
2
+f
√
3−
√
1−e2−f2
2 e
9
−f+√3
√
1−e2−f2
2
−f√3−
√
1−e2−f2
2 e
10 h −
√
1− g2 − h2 g
11
−h−√3
√
1−g2−h2
2
−h√3+
√
1−g2−h2
2 g
12
−h+√3
√
1−g2−h2
2
+h
√
3+
√
1−g2−h2
2 g
13 j
√
1− i2 − j2 i
14
−j−√3
√
1−i2−j2
2
+j
√
3−
√
1−i2−j2
2 i
15
−j+√3
√
1−i2−j2
2
−j√3−
√
1−i2−j2
2 i
16 l −√1− k2 − l2 k
17 −l−
√
3
√
1−k2−l2
2
−l√3+√1−k2−l2
2 k
18 −l+
√
3
√
1−k2−l2
2
+l
√
3+
√
1−k2−l2
2 k
19 n
√
1−m2 − n2 m
20 −n−
√
3
√
1−m2−n2
2
+n
√
3−√1−m2−n2
2 m
21 −n+
√
3
√
1−m2−n2
2
−n√3−√1−m2−n2
2 m
22 p −
√
1− o2 − p2 o
23
−p−√3
√
1−o2−p2
2
−p√3+
√
1−o2−p2
2 o
24
−p+√3
√
1−o2−p2
2
+p
√
3+
√
1−o2−p2
2 o
25 r
√
1− q2 − r2 q
26
−r−√3
√
1−q2−r2
2
+r
√
3−
√
1−q2−r2
2 q
27
−r+√3
√
1−q2−r2
2
−r√3−
√
1−q2−r2
2 q
28 1 0 0
29 − 12
√
3
2 0
30 − 12 −
√
3
2 0
31 r −
√
1− q2 − r2 −q
32
−r−√3
√
1−q2−r2
2
−r√3+
√
1−q2−r2
2 −q
33
−r+√3
√
1−q2−r2
2
+r
√
3+
√
1−q2−r2
2 −q
34 p
√
1− o2 − p2 −o
35
−p−√3
√
1−o2−p2
2
+p
√
3−
√
1−o2−p2
2 −o
36
−p+√3
√
1−o2−p2
2
−p√3−
√
1−o2−p2
2 −o
37 n −√1−m2 − n2 −m
38 −n−
√
3
√
1−m2−n2
2
−n√3+√1−m2−n2
2 −m
39 −n+
√
3
√
1−m2−n2
2
+n
√
3+
√
1−m2−n2
2 −m
40 l
√
1− k2 − l2 −k
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Table 83 – 57 points parameters – continued
pt x y z
41 −l−
√
3
√
1−k2−l2
2
+l
√
3−√1−k2−l2
2 −k
42 −l+
√
3
√
1−k2−l2
2
−l√3−√1−k2−l2
2 −k
43 j −
√
1− i2 − j2 −i
44
−j−√3
√
1−i2−j2
2
−j√3+
√
1−i2−j2
2 −i
45
−j+√3
√
1−i2−j2
2
+j
√
3+
√
1−i2−j2
2 −i
46 h
√
1− g2 − h2 −g
47
−h−√3
√
1−g2−h2
2
+h
√
3−
√
1−g2−h2
2 −g
48
−h+√3
√
1−g2−h2
2
−h√3−
√
1−g2−h2
2 −g
49 f −
√
1− e2 − f2 −e
50
−f−√3
√
1−e2−f2
2
−f√3+
√
1−e2−f2
2 −e
51
−f+√3
√
1−e2−f2
2
+f
√
3+
√
1−e2−f2
2 −e
52 d
√
1− c2 − d2 −c
53 −d−
√
3
√
1−c2−d2
2
+d
√
3−√1−c2−d2
2 −c
54 −d+
√
3
√
1−c2−d2
2
−d√3−√1−c2−d2
2 −c
55 b
√
1− a2 − b2 −a
56 −b−
√
3
√
1−a2−b2
2
+b
√
3−√1−a2−b2
2 −a
57 −b+
√
3
√
1−a2−b2
2
−b√3−√1−a2−b2
2 −a
Parameterization values –
The values to 19 digits of the 18 parameters optimized for the minimal solutions of 57 points are:
Table 84. Parameter values for 57 points
Parameter log 1/r 1/r2
a 0.9595125380384837748 0.9593982472561573346 0.9592430295797528902
b 0.1528538042046582041 0.1510400201442292428 0.1504481057951366924
c 0.8064159195044753954 0.8061127847218874374 0.8051648162909763574
d 0.5812803228875366308 0.5818017010622614807 0.5832136313510178951
e 0.7655416542440036844 0.7635580248548546735 0.7619669959015469652
f 0.5343092156110378053 0.5362774228532354228 0.5377746556112610776
g 0.6518605050286107147 0.6526101176624277225 0.6527511409910811614
h 0.5110203688455053209 0.5097398748167363052 0.5090549759613889785
i 0.4658252012187145059 0.4653172762165911128 0.4644759355926697615
j 0.8703353439326157776 0.8703913334987289892 0.8705680364936731241
k 0.4174822430210970745 0.4167819456237354241 0.4156382026447787826
l 0.8512195110578723961 0.8514328688417494922 0.8519885231386723758
m 0.3919407857564659670 0.3908468794742435778 0.3902284386652641164
n 0.6548991798133300362 0.6544971461608950337 0.6541437514238916804
o 0.1839164307976121038 0.1833947010632889515 0.1828170935972039697
p 0.6281900887221845112 0.6298855180742855577 0.6312350522250580709
q 0.04745350350485770277 0.04881688478795210130 0.05003293613571645555
r 0.8919586151422930883 0.8926119707663709581 0.8930974627550429491
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Table 84 – 57 points parameters – continued
Parameter log 1/r 1/r2
energy -372.7412006183720172 1387.383229252841734 1508.368838505948797
No algebraic numbers were recovered from the 50,014 digit spherical codes, for all 3 potentials, their
degree is > 360, if found.
Symmetries -
The symmetry groups for 57 points are identical under all 3 potentials.
Symmetries - 57 points
planes [[19, 1]]
Gram groups [[6, 28], [12, 252], [57, 1]]
Polygons [[3, 19]]
9.59. 58 points. No attempts to parameterize 58 points from their optimal solutions were made. A
careful examination showed that 84 parameters are necessary to constrain this polyhedron, well beyond
the current computer resources of the correspondence author.
Figure 62. 58 points.
Minimal Energy values -
The coordinates for 58 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 58 points
logarithmic -385.1328297919238166. . .
Coulomb 1438.618250640401146. . .
Inverse square law 1569.069938532185566. . .
Symmetries -
Symmetries - 58 points - logarithmic
planes [[4, 28]]
Gram groups [[2, 1], [4, 42], [8, 392], [58, 1]]
Polygons [[4, 28]]
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Symmetries - 58 points - Coulomb
planes [[4, 28]]
Gram groups [[2, 1], [4, 42], [8, 392], [58, 1]]
Polygons [[4, 28]]
The Gram group for the Inverse square law 1/r2 potential is slightly different from the previous two.
Symmetries - 58 points - Inverse sq.
planes [[4, 28]]
Gram groups [[2, 1], [4, 44], [8, 391], [58, 1]]
Polygons [[4, 28]]
9.60. 59 points. All 3 optimal configurations for 59 points do not allow for a parameterization to be
determined. This is the seventh set, in which this occurs (previous: 26, 35, 36, 54, 55, 56).
Figure 63. 59 points.
Minimal Energy values -
The coordinates for 59 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 59 points
logarithmic -397.7281496607926605. . .
Coulomb 1490.773335278696756. . .
Inverse square law 1630.909658338517471. . .
Symmetries -
Symmetries - 59 points - logarithmic
planes []
Gram groups [[2, 29], [4, 841], [59, 1]]
Polygons []
Symmetries - 59 points - Coulomb
planes [[4, 28]]
Gram groups [[2, 29], [4, 841], [59, 1]]
Polygons []
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Symmetries - 59 points - Inverse sq.
planes []
Gram groups [[2, 1711], [59, 1]]
Polygons []
9.61. 60 points. The polygon group of [3,20] indicates that the configuration consists of 20 parallel
triangles on one axis, the only axis of symmetry for the polyhedra. Upon 1 rotation, it was found that
this was true, 20 co-planar triangles exists.
Figure 64. 60 points.
Algebraic parameterization -
It requires 30 parameters to adequately constrain the 60 point set, due to the 20 embedded triangles
in the figure. Since the figure is balanced around an equator, 10 less parameters than 40 were needed,
hence 30 (2 parameters are required per triangle).
The algebraic parameterized structure is given below:
Table 85. Parameterization for 60 points
pt x y z
1 b 0 a
2 −b2
+b
√
3
2 a
3 −b2
−b√3
2 a
4 d −√1− c2 − d2 c
5 −d−
√
3
√
1−c2−d2
2
−d√3+√1−c2−d2
2 c
6 −d+
√
3
√
1−c2−d2
2
+d
√
3+
√
1−c2−d2
2 c
7 f −
√
1− e2 − f2 e
8
−f−√3
√
1−e2−f2
2
−f√3+
√
1−e2−f2
2 e
9
−f+√3
√
1−e2−f2
2
+f
√
3+
√
1−e2−f2
2 e
10 h
√
1− g2 − h2 g
11
−h−√3
√
1−g2−h2
2
+h
√
3−
√
1−g2−h2
2 g
12
−h+√3
√
1−g2−h2
2
−h√3−
√
1−g2−h2
2 g
13 j
√
1− i2 − j2 i
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Table 85 – 60 points parameterization – continued
pt x y z
14
−j−√3
√
1−i2−j2
2
+j
√
3−
√
1−i2−j2
2 i
15
−j+√3
√
1−i2−j2
2
−j√3−
√
1−i2−j2
2 i
16 l −√1− k2 − l2 k
17 −l−
√
3
√
1−k2−l2
2
−l√3+√1−k2−l2
2 k
18 −l+
√
3
√
1−k2−l2
2
+l
√
3+
√
1−k2−l2
2 k
19 n −√1−m2 − n2 m
20 −n−
√
3
√
1−m2−n2
2
−n√3+√1−m2−n2
2 m
21 −n+
√
3
√
1−m2−n2
2
+n
√
3+
√
1−m2−n2
2 m
22 p
√
1− o2 − p2 o
23
−p−√3
√
1−o2−p2
2
+p
√
3−
√
1−o2−p2
2 o
24
−p+√3
√
1−o2−p2
2
−p√3−
√
1−o2−p2
2 o
25 r −
√
1− q2 − r2 q
26
−r−√3
√
1−q2−r2
2
−r√3+
√
1−q2−r2
2 q
27
−r+√3
√
1−q2−r2
2
+r
√
3+
√
1−q2−r2
2 q
28 t −√1− s2 − t2 s
29 −t−
√
3
√
1−s2−t2
2
−t√3+√1−s2−t2
2 s
30 −t+
√
3
√
1−s2−t2
2
+t
√
3+
√
1−s2−t2
2 s
31 u
√
1− s2 − u2 −s
32 −u−
√
3
√
1−s2−u2
2
+u
√
3−√1−s2−u2
2 −s
33 −u+
√
3
√
1−s2−u2
2
−u√3−√1−s2−u2
2 −s
34 v
√
1− q2 − v2 −q
35
−v−√3
√
1−q2−v2
2
+v
√
3−
√
1−q2−v2
2 −q
36
−v+√3
√
1−q2−v2
2
−v√3−
√
1−q2−v2
2 −q
37 w −√1− o2 − w2 −o
38 −w−
√
3
√
1−o2−w2
2
−w√3+√1−o2−w2
2 −o
39 −w+
√
3
√
1−o2−w2
2
+w
√
3+
√
1−o2−w2
2 −o
40 x −√1−m2 − x2 −m
41 −x−
√
3
√
1−m2−x2
2
−x√3+√1−m2−x2
2 −m
42 −x+
√
3
√
1−m2−x2
2
+x
√
3+
√
1−m2−x2
2 −m
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Table 85 – 60 points parameterization – continued
pt x y z
43 y
√
1− k2 − y2 −k
44
−y−√3
√
1−k2−y2
2
+y
√
3−
√
1−k2−y2
2 −k
45
−y+√3
√
1−k2−y2
2
−y√3−
√
1−k2−y2
2 −k
46 z −√1− i2 − z2 −i
47 −z−
√
3
√
1−i2−z2
2
−z√3+√1−i2−z2
2 −i
48 −z+
√
3
√
1−i2−z2
2
+z
√
3+
√
1−i2−z2
2 −i
49 A −
√
1− g2 −A2 −g
50
−A−√3
√
1−g2−A2
2
−A√3+
√
1−g2−A2
2 −g
51
−A+√3
√
1−g2−A2
2
+A
√
3+
√
1−g2−A2
2 −g
52 B −√1− e2 −B2 −e
53 −B−
√
3
√
1−e2−B2
2
−B√3+√1−e2−B2
2 −e
54 −B+
√
3
√
1−e2−B2
2
+B
√
3+
√
1−e2−B2
2 −e
55 C −√1− c2 − C2 −c
56 −C−
√
3
√
1−c2−C2
2
−C√3+√1−c2−C2
2 −c
57 −C+
√
3
√
1−c2−C2
2
+C
√
3+
√
1−c2−C2
2 −c
58 D −√1− a2 −D2 −a
59 −D−
√
3
√
1−a2−D2
2
−D√3+√1−a2−D2
2 −a
60 −D+
√
3
√
1−a2−D2
2
+D
√
3+
√
1−a2−D2
2 −a
Parameterization values –
The values to 19 digits of the 30 parameters optimized for the minimal solutions of 60 points are:
Table 86. Parameter values for 60 points
Parameter log 1/r 1/r2
a 0.9612030957736987686 0.9610273821609481894 0.9608443350910277295
b 0.2758416369496412202 0.2764531980948580776 0.2770887289722929501
c 0.8234204712353256073 0.8224141761737171526 0.8217230947055163655
d 0.2439762150462290542 0.2450849419266946147 0.2457239541094273887
e 0.7455840250177885510 0.7460303806901244447 0.7463726234745099378
f -0.5361015015276512265 0.6111264667009431951 0.6113411213084060140
g 0.7089476929608000620 0.7091435077517020016 0.7091567382315775358
h -0.1722213488026787314 0.6780618803338796457 0.6780081896535308014
i 0.4698382617159265503 0.4672482313963320756 0.4656700316384325305
j 0.6133979280072114038 0.6170533981914939001 0.6197515650327852649
k 0.4441986329257307108 0.4460948675469909250 0.4475039381692436896
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Table 86 – 60 points parameters – continued
Parameter log 1/r 1/r2
l 0.6480765792525520477 0.6459914338748474451 0.6447102414946823372
m 0.3919946602865573912 0.3932378910441901092 0.3943428730599016595
n -0.5949992989412573021 0.9040175602878125879 0.9031085632585104393
o 0.3070616525343694029 0.3092036035703416460 0.3109695510771343408
p -0.1840371215847103444 0.9017986899560804310 0.9026416358405071867
q 0.06448214657458906535 0.06334611409114023852 0.06267936105544782376
r 0.5120179601540782911 0.4857562070706075314 0.4858788622016544170
s 0.05314413404895080137 0.05256724407145519520 0.05183187901744640248
t -0.8531627150792248086 0.8748966543883301824 0.8742268129934458916
u -0.4786918917229729443 0.9983900932233055668 0.9984699306689336426
v -0.8933449497206251001 0.8343894807573222920 0.8363999986054766405
w -0.9241564389899229240 0.6592877712136054758 0.6596658849521259834
x -0.6732220205865382325 0.8788231431229936877 0.8781347051779220827
y 0.8597710007152027251 0.8594647332919322702 0.8593484806198012411
z 0.2534084798238539341 0.2534654896181816607 0.2535733868746379384
A -0.6751607181858807123 0.5113567594914695497 0.5095418002721745686
B 0.6649647202743589516 0.6641257929299873136 0.6634574151328521656
C 0.4519752415520143349 0.06814420586753881720 0.06605262283446185188
D -0.2322132209099418502 0.2449912440290526918 0.2451035689165447480
energy -410.5331627932077910 1543.830400976378803 1693.794611768318406
There were some problems encountered with optimizing the parameters, and the highest digit precision
obtained for the logarithmic potential was 32,829 digits, for the Coulomb potential was 45,024 digits
and for the inverse square potential was 39,118 digits.
No algebraic numbers were recovered from the spherical codes, for all 3 potentials, their degree is
> 420, if found.
Symmetries -
All symmetry groups for 60 points are identical under all 3 potentials.
Symmetries - 60 points
planes [[20, 1]]
Gram groups [[6, 30], [12, 280], [60, 1]]
Polygons [[3, 20]]
9.62. 61 points. All 3 optimal configurations for 61 points do not allow for a parameterization to be
determined. This is the eighth set, the previous are 26, 35, 36, 54, 55, 56, and 59 points.
Figure 65. 61 points.
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Minimal Energy values -
The coordinates for 61 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 61 points
logarithmic -423.5076359910035272. . .
Coulomb 1597.941830198989007. . .
Inverse square law 1758.697133957985949. . .
Symmetries -
The symmetry groups for 61 points are identical under all 3 potentials.
Symmetries - 61 points
planes []
Gram groups [[2, 1830], [61, 1]]
Polygons []
9.63. 62 points. The polygon symmetry group indicates that there are 12 pentagons embedded in the
configuration. A shrewd guess adds 2 poles and that is exactly what the minimal energy polyhedron is.
There is only 1 axis of symmetry in this 62 point set, the dipole axis of the 2 isolated points and the 12
parallel pentagons perpendicular to this axis.
Figure 66. 62 points.
Algebraic parameterization -
Although there are 12 parallel pentagons along a polar axis, only 18 parameters are required to
successfully parameterize 62 points.
The algebraic parameterized structure is given below:
Table 87. Parameterization for 62 points
pt x y z
1 0 0 1
2 b 0 a
3
b(
√
5−1)
4
b
√
2
√
5+10
4 a
4 − b(
√
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4
b
√
10−2√5
4 a
5 − b(
√
5+1)
4 − b
√
10−2√5
4 a
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Table 87 – 62 points parameters – continued
pt x y z
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Table 87 – 62 points parameters – continued
pt x y z
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Algebraic Spherical codes –
NOTE: It was not possible to converge the parameters for this set, the problem[PM] has been noted.
Parameterization values –
The values to 19 digits of the 18 parameters optimized for the minimal solutions of 62 points are:
Table 88. Parameter values for 62 points
Parameter log 1/r 1/r2
a 0.8950581099815161237 0.8952083481019980206 0.8952339116954621106
b 0.4459495260187145740 0.4456478581666156027 0.4455965028480828956
c 0.7115887990152248083 0.7107706440297346969 0.7099490257300468083
d 0.5746048585596977335 0.5743587404383671248 0.5742627517028423773
e 0.5864862285863754005 0.5862702425810699829 0.5857939777097406471
f 0.8084360911288725634 0.8088034672543563375 0.8093093178784396598
g 0.3690420338197005303 0.3675426452984964825 0.3660986012383575400
h 0.8610567795529732377 0.8608140550571361876 0.8606581647024180031
i 0.2643284845982289281 0.2641801970253393328 0.2637019731715880652
j 0.8886956868624394914 0.8892630517590619250 0.8898122357303886774
k 0.08506848391343052810 0.08497888913923011226 0.08475230614790407076
l 0.9961679000985086491 0.9961195370005955137 0.9960832635788161194
m 0.8674486547995652933 0.8669490839105702982 0.8666962829838363170
n 0.9145817098405395773 0.9152933846401610372 0.9159361977219742895
o 0.9191367301527322441 0.9195351002895553899 0.9199689322576672590
p 0.6702679237606925788 0.6707567191801557171 0.6713912319861264496
q 0.7004377999404746757 0.7013364915873509779 0.7022149889616542512
r 0.3836906893312154824 0.3826056746728261826 0.3819068081101356551
energy -436.7039792383948156 1652.909409898300852 1824.346926363182267
NOTE: The values for the 18 parameters were extended to 1,021 digits precision by the descent.3d or
direct search algorithms for all 3 potentials due.
Symmetries -
The symmetry groups for 62 points are identical under all 3 potentials.
Symmetries - 62 points
planes [[120, 1]]
Gram groups [[2, 1], [10, 30], [20, 174], [62, 1]]
Polygons [[5, 12]]
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9.64. 63 points. The polygon symmetry group of this configuration shows the optimal alignment of 21
parallel triangles. Indeed rotating the randomly oriented minimal set of points into alignment showed
the 21 triangles immediately, thus there is only 1 axis of alignment for this set of 63 points.
Figure 67. 63 points.
Algebraic parameterization -
It requires 20 parameters to adequately constrain the 63 point set, due to the 21 embedded triangles
in the figure. Since the configuration is odd, the parameter count is halved for an even count of parallel
polygons.
The algebraic parameterized structure is given below:
Table 89. Parameterization for 63 points
pt x y z
1 b −√1− a2 − b2 a
2 −b+
√
3
√
1−a2−b2
2
+b
√
3+
√
1−a2−b2
2 a
3 −b−
√
3
√
1−a2−b2
2
−b√3+√1−a2−b2
2 a
4 d
√
1− c2 − d2 c
5 −d−
√
3
√
1−c2−d2
2
+d
√
3−√1−c2−d2
2 c
6 −d+
√
3
√
1−c2−d2
2
−d√3−√1−c2−d2
2 c
7 f
√
1− e2 − f2 e
8
−f−√3
√
1−e2−f2
2
+f
√
3−
√
1−e2−f2
2 e
9
−f+√3
√
1−e2−f2
2
−f√3−
√
1−e2−f2
2 e
10 h −
√
1− g2 − h2 g
11
−h+√3
√
1−g2−h2
2
+h
√
3+
√
1−g2−h2
2 g
12
−h−√3
√
1−g2−h2
2
−h√3+
√
1−g2−h2
2 g
13 j
√
1− i2 − j2 i
14
−j−√3
√
1−i2−j2
2
+j
√
3−
√
1−i2−j2
2 i
15
−j+√3
√
1−i2−j2
2
−j√3−
√
1−i2−j2
2 i
16 l −√1− k2 − l2 k
17 −l+
√
3
√
1−k2−l2
2
+l
√
3+
√
1−k2−l2
2 k
18 −l−
√
3
√
1−k2−l2
2
−l√3+√1−k2−l2
2 k
19 n −√1−m2 − n2 m
20 −n+
√
3
√
1−m2−n2
2
+n
√
3+
√
1−m2−n2
2 m
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Table 89 – 63 points parameters – continued
pt x y z
21 −n−
√
3
√
1−m2−n2
2
−n√3+√1−m2−n2
2 m
22 p
√
1− o2 − p2 o
23
−p−√3
√
1−o2−p2
2
+p
√
3−
√
1−o2−p2
2 o
24
−p+√3
√
1−o2−p2
2
−p√3−
√
1−o2−p2
2 o
25 r
√
1− q2 − r2 q
26
−r−√3
√
1−q2−r2
2
+r
√
3−
√
1−q2−r2
2 q
27
−r+√3
√
1−q2−r2
2
−r√3−
√
1−q2−r2
2 q
28 t −√1− s2 − t2 s
29 −t+
√
3
√
1−s2−t2
2
+t
√
3+
√
1−s2−t2
2 s
30 −t−
√
3
√
1−s2−t2
2
−t√3+√1−s2−t2
2 s
31 1 0 0
32 − 12
√
3
2 0
33 − 12 −
√
3
2 0
34 t
√
1− s2 − t2 −s
35 −t+
√
3
√
1−s2−t2
2
−t√3−√1−s2−t2
2 −s
36 −t−
√
3
√
1−s2−t2
2
+t
√
3−√1−s2−t2
2 −s
37 r −
√
1− q2 − r2 −q
38
−r−√3
√
1−q2−r2
2
−r√3+
√
1−q2−r2
2 −q
39
−r+√3
√
1−q2−r2
2
+r
√
3+
√
1−q2−r2
2 −q
40 p −
√
1− o2 − p2 −o
41
−p−√3
√
1−o2−p2
2
−p√3+
√
1−o2−p2
2 −o
42
−p+√3
√
1−o2−p2
2
+p
√
3+
√
1−o2−p2
2 −o
43 n
√
1−m2 − n2 −m
44 −n+
√
3
√
1−m2−n2
2
−n√3−√1−m2−n2
2 −m
45 −n−
√
3
√
1−m2−n2
2
+n
√
3−√1−m2−n2
2 −m
46 l
√
1− k2 − l2 −k
47 −l+
√
3
√
1−k2−l2
2
−l√3−√1−k2−l2
2 −k
48 −l−
√
3
√
1−k2−l2
2
+l
√
3−√1−k2−l2
2 −k
49 j −
√
1− i2 − j2 −i
50
−j−√3
√
1−i2−j2
2
−j√3+
√
1−i2−j2
2 −i
51
−j+√3
√
1−i2−j2
2
+j
√
3+
√
1−i2−j2
2 −i
52 h
√
1− g2 − h2 −g
53
−h+√3
√
1−g2−h2
2
−h√3−
√
1−g2−h2
2 −g
54
−h−√3
√
1−g2−h2
2
+h
√
3−
√
1−g2−h2
2 −g
55 f −
√
1− e2 − f2 −e
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Table 89 – 63 points parameters – continued
pt x y z
56
−f−√3
√
1−e2−f2
2
−f√3+
√
1−e2−f2
2 −e
57
−f+√3
√
1−e2−f2
2
+f
√
3+
√
1−e2−f2
2 −e
58 d −√1− c2 − d2 −c
59 −d−
√
3
√
1−c2−d2
2
−d√3+√1−c2−d2
2 −c
60 −d+
√
3
√
1−c2−d2
2
+d
√
3+
√
1−c2−d2
2 −c
61 b
√
1− a2 − b2 −a
62 −b+
√
3
√
1−a2−b2
2
−b√3−√1−a2−b2
2 −a
63 −b−
√
3
√
1−a2−b2
2
+b
√
3−√1−a2−b2
2 −a
Parameterization values –
The values to 19 digits of the 20 parameters optimized for the minimal solutions of 63 points are:
Table 90. Parameter values for 63 points
Parameter log 1/r 1/r2
a 0.9592843536470330307 0.9591733374794084792 0.9591527382980791461
b 0.2784499668446515127 0.2786060792466474427 0.2785282709608904655
c 0.8537430590304877323 0.8549097899629047863 0.8561151780143505098
d 0.3278422333190501673 0.3285373986243144746 0.3287258106800371257
e 0.7322180887100727287 0.7322119387367449276 0.7323867656935174771
f 0.6709648796942250290 0.6710701176022733879 0.6709284051521776053
g 0.7207367785426339164 0.7211622602787105148 0.7217601318822867451
h 0.5920461534016540140 0.5906022087084819848 0.5894151846510219718
i 0.5531407663829349176 0.5545741480045833097 0.5558831624471157560
j 0.5787486675728906156 0.5770624199531665560 0.5757945992416161897
k 0.4314660549086865556 0.4320721611641190887 0.4325848386049733501
l 0.8863782857905197106 0.8859588450740977860 0.8856730627945439364
m 0.3899706322226931493 0.3868306768459442495 0.3844318610257709651
n 0.6401658427302375791 0.6410991920123018300 0.6418030770225270027
o 0.3596758790244882692 0.3603258311337392918 0.3607371530440930105
p 0.8791656688451146780 0.8788983656095874008 0.8787869935928616277
q 0.1325733574371501390 0.1329180810841212154 0.1332399853868698276
r 0.6423333327180779402 0.6435121426045185309 0.6444888194748329973
s 0.07684620483891040093 0.07616597530795952632 0.07575707619651162835
t 0.8889476867017887354 0.8902391424612079999 0.8913276522889820095
energy -450.0812391769127035 1708.879681503249984 1891.632330787479861
Symmetries -
The symmetry groups are identical for 63 points under all 3 potentials.
SOME SPHERICAL CODES IN S2 AND THEIR ALGEBRAIC NUMBERS 141
Symmetries - 63 points
planes [[21, 1]]
Gram groups [[6, 31], [12, 310], [63, 1]]
Polygons [[3, 21]]
9.65. 64 points. All 3 optimal configurations for 64 points do not allow for a parameterization to occur.
This is the ninth set, the previous eight are 26, 35, 36, 54, 55, 56, 59 and 61 points.
Figure 68. 64 points.
Minimal Energy values -
The coordinates for 64 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 64 points
logarithmic -463.6544329886080460. . .
Coulomb 1765.802577927303190. . .
Inverse square law 1960.281626974364263. . .
Symmetries -
The symmetry groups for 64 points are identical under all 3 potentials.
Symmetries - 64 points
planes []
Gram groups [[4, 48], [8, 480], [64, 1]]
Polygons []
9.66. 65 points. All 3 optimal configurations for 65 points do not allow for a parameterization to occur.
This is the tenth set, the previous nine are 26, 35, 36, 54, 55, 56, 59, 61 and 64 points. In general, the
trend points out that trying to parameterize a n-point cluster will generally not be possible for > 65
points, but only for special cases.
Figure 69. 65 points.
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Minimal Energy values -
The coordinates for 65 points are known to 77 digits for the log potential and 38 digits for the other
two. The minimal energies have been determined for all 3 potentials as well.
Minimal Energy - 65 points
logarithmic -477.4264260688034746. . .
Coulomb 1823.667960263850183. . .
Inverse square law 2030.233678508393013. . .
Symmetries -
The symmetry groups for 65 points are identical under all 3 potentials.
Symmetries - 65 points
planes []
Gram groups [[2, 32], [4, 1024], [65, 1]]
Polygons []
9.67. Comments about embedded polygons. After having found the global minimums and rotating
the configurations into desired orientations, it is necessary to make some comments about the polygonal
embedding in these solutions.
• Embedded co-planar equilateral triangles
It is interesting to note that 3 points, 9 points, 12 points, 15 points, 45 points, 51 points, 57 points, 60
points, and 63 points; all consist of parallel triangles sets of 1, 3, 4, 5, 15, 17, 19, 20, and 21 equilateral
triangles for their optimal minimal energy arrangement for all 3 potentials. There may be more for
points sets > 65 which contain n co-planar triangles for the optimal arrangement.
Additionally, certain point sets, such as 5, 16, 20 (with a hexagon), 23, 28, 29 (Coulomb and Inverse
Square potentials), 31, 46, 49, 52 are composed of co-planar equilateral triangles, with one or two pole
points added, indicating that stability is retained by using the co-planar triangle sets, even if a point(s)
is deficient or surplus to n = 0 mod 3. In the case of 2 points added, they become poles.
It is also noted that other point sets contain co-planar triangles + other polygons, for example: 20
points contains 4 triangles, 2 poles and 1 hexagon, 22 points contains 5 triangles, 1 hexagon and one
pole, while 39 points is a mix of hexagons and triangles.
41 points is an interesting mix of triangles, hexagons and one nonagon.
Other polygons can be involved.
• Embedded co-planar squares
In the case of squares, 6 points is 1 square plus 2 poles, 8 points is 2 squares, 10 points is two squares
plus 2 poles, 18 points has 4 squares plus 2 pole points, 24 points is 6 squares, 40 points is 6 squares
plus 8 dipoles, and 48 points is 12 squares for the optimum configuration.
• Embedded co-planar regular pentagons
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Regarding regular pentagons, we have 7 points with 1 pentagon and 2 poles, 17 points with 3 pentagons
and 2 poles, 27 points with 5 pentagons and 2 poles, and 37 points with 7 pentagons and 2 poles, and
62 points is 12 pentagons plus 2 poles.
42 points is 6 pentagons plus 1 decagon and 2 poles.
• Embedded co-planar regular hexagons
Considering regular hexagons, we find 14 points with 2 hexagons and 2 poles, 38 points has 6 hexagons
and 2 poles, and 50 points has 8 hexagons and 2 poles.
• Embedded co-planar regular heptagon or nonagon
The 21 points configuration contains a heptagon, and 53 points contains 1 nonagon and 22 dipoles.
• Sole dipoles arrangement
It is interesting that 34 points consists of 17 dipoles for the optimum arrangement, although it contains
16 groups of quadrilaterals, but they are not on the preferred orientation.
It is expected that other larger size (> 65) point sets might continue this behavior of embedded regular
polygons for their global minimum solution.
10. Summary of Algebraic Results
A summary of the searches for global minima is presented below, classified by the potential, then
sorted numerically by point count. Both the points and energy are listed.
A key is provided:
– not applicable – algebraic code obtained
– tentative, partially solved code – parameterized to 50,014 digits
– Newton’s method to 50K digits – impossible to parameterize
– status unknown – software problem
P – coordinates of point E – minimal energy
Table 91. Algebraic Spherical Codes on S2 - Logarithmic Potential
P E P E P E P E P E P E P E P E P E P E
0 1 2 3 4 5 6 7 8 9
0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9
10
10 10 11 11 12 12 13 13 14 14 15 15 16 16 17 17 18 18 19 19
20
20 20 21 21 22 22 23 23 24 24 25 25 26 26 27 27 28 28 29 29
30
30 30 31 31 32 32 33 33 34 34 35 35 36 36 37 37 38 38 39 39
40
40 40 41 41 42 42 43 43 44 44 45 45 46 46 47 47 48 48 49 49
50
50 50 51 51 52 52 53 53 54 54 55 55 56 56 57 57 58 58 59 59
60
60 60 61 61 62 62 63 63 64 64 65 65
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Table 92. Algebraic Spherical Codes on S2 - Coulomb 1/r Potential
P E P E P E P E P E P E P E P E P E P E
0 1 2 3 4 5 6 7 8 9
0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9
10
10 10 11 11 12 12 13 13 14 14 15 15 16 16 17 17 18 18 19 19
20
20 20 21 21 22 22 23 23 24 24 25 25 26 26 27 27 28 28 29 29
30
30 30 31 31 32 32 33 33 34 34 35 35 36 36 37 37 38 38 39 39
40
40 40 41 41 42 42 43 43 44 44 45 45 46 46 47 47 48 48 49 49
50
50 50 51 51 52 52 53 53 54 54 55 55 56 56 57 57 58 58 59 59
60
60 60 61 61 62 62 63 63 64 64 65 65
Table 93. Algebraic Spherical Codes on S2 - Inverse Square 1/r2 Potential
P E P E P E P E P E P E P E P E P E P E
0 1 2 3 4 5 6 7 8 9
0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9
10
10 10 11 11 12 12 13 13 14 14 15 15 16 16 17 17 18 18 19 19
20
20 20 21 21 22 22 23 23 24 24 25 25 26 26 27 27 28 28 29 29
30
30 30 31 31 32 32 33 33 34 34 35 35 36 36 37 37 38 38 39 39
40
40 40 41 41 42 42 43 43 44 44 45 45 46 46 47 47 48 48 49 49
50
50 50 51 51 52 52 53 53 54 54 55 55 56 56 57 57 58 58 59 59
60
60 60 61 61 62 62 63 63 64 64 65 65
11. Current Status of Unknown Parameters
There are 1622 unknown parameters in 109 point sets belonging to the 3 potentials. The following
table lists what is known about the real decimal values of the parameters. Most (983) are of 50,014
digits precision, but (639) exceptions are carefully noted.
The Unknown Status Table provides a challenge for the current mathematical tool sets working with
determining the algebraic polynomial given a decimal number. The current tool used is the GP-Pari
algdep(n,d) command where n is the decimal number in question and d is the tentative degree of the
algebraic polynomial we seek.
The ”found” column in the table indicates whether or not the algebraic number was discovered for
the potential/n-point set. A count is given if some of the parameters were resolved.
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Table 94. Status of parameters for Algebraic polynomials
potential pts/parms Digits found Height Notes
Logarithmic Potential
log [11,5] 50014 N 360
log [13,6] 50014 N 360
log [15,4] 50014 N 360
log [19,9] 50014 N 360
log [20,3] 50014 2 500 2 of 5 resolved
log [21,18] 50014 N 360
log [23,6] 50014 N 360
log [24,9] 22579 N 360
log [25,24] 50014 N 420
log [28,16] 50014 N 420
log [30,20] 50014 N 420
log [31,18] 6049 N 420
log [33,32] 50014 N 420
log [34,16] 50014 N 360
log [37,6] 10018 N 420
log [38,3] 50014 N 360
log [39,10] 50014 N 360
log [40,9] 50014 N 360
log [41,10] 50014 N 360
log [42,5] 50014 N 360
log [43,21] 50014 N 360
log [45,14] 50014 N 360
log [46,24] 37106 N 420
log [48,18] 1021 N 60
log [49,32] 48299 N 420
log [50,4] 50014 N 360
log [51,16] 50014 N 360
log [52,34] 6762 N 360
log [53,27] 1001 N 60
log [57,18] 50014 N 360
log [60,30] 32829 N 420
log [62,18] 1001 N 60
log [63,20] 50014 N 360
Coulomb 1/r Potential
1/r [11,5] 50014 N 360
1/r [13,6] 50014 N 360
1/r [14,3] 50014 N 360
1/r [15,4] 50014 N 360
1/r [16,8] 50014 N 360 480 in a,c,e,g
1/r [17,5] 50014 2 360 2 of 5 resolved
1/r [18,2] 50014 N 480
1/r [19,9] 50014 N 360
1/r [20,5] 50014 N 360
1/r [21,18] 50014 N 360
1/r [22,6] 50014 N 360
1/r [23,6] 50014 N 360
1/r [24,9] 25816 N 360
1/r [25,24] 50014 N 420
1/r [27,2] 50014 N 360
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Table 94 – Algebraic spherical code parameters – continued
potential pts/parms Digits found Height Notes
1/r [28,16] 50014 N 420
1/r [29,8] 50014 N 420
1/r [30,20] 50014 N 420
1/r [31,18] 6049 N 420
1/r [33,32] 50014 N 420
1/r [34,16] 50014 N 360
1/r [37,6] 10018 N 420
1/r [38,3] 50014 N 360
1/r [39,10] 50014 N 360
1/r [40,9] 50014 N 360
1/r [41,10] 50014 N 360
1/r [42,5] 50014 N 360
1/r [43,21] 50014 N 360
1/r [44,3] 50014 N 360
1/r [45,14] 50014 N 360
1/r [46,24] 37279 N 420
1/r [48,18] 1021 N 60
1/r [49,32] 28205 N 420
1/r [50,4] 50014 N 360
1/r [51,16] 50014 N 360
1/r [52,34] 9921 N 360
1/r [53,27] 1001 N 60
1/r [57,18] 50014 N 360
1/r [60,30] 45024 N 420
1/r [62,18] 1001 N 60
1/r [63,40] 50014 N 360
Inverse Square Law 1/r2 Potential
1/r2 [11,5] 50033 N 360
1/r2 [13,6] 50033 N 360
1/r2 [15,4] 50014 N 360
1/r2 [19,38] 60013 N 360
1/r2 [20,5] 50014 N 360
1/r2 [21,18] 50014 N 360
1/r2 [23,6] 50014 N 360
1/r2 [24,18] 63539 N 360
1/r2 [25,24] 50014 N 420
1/r2 [27,2] 50014 N 360
1/r2 [28,16] 50014 N 420
1/r2 [29,8] 50014 N 420
1/r2 [30,20] 50014 N 420
1/r2 [31,18] 6049 N 420
1/r2 [33,32] 50014 N 420
1/r2 [34,16] 50014 N 360
1/r2 [37,6] 10018 N 420
1/r2 [38,3] 50014 N 360
1/r2 [39,10] 50014 N 360
1/r2 [40,9] 50014 N 360
1/r2 [41,10] 50014 N 360
1/r2 [42,5] 50014 N 360
1/r2 [43,21] 50014 N 360
1/r2 [45,14] 50014 N 360
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Table 94 – Algebraic spherical code parameters – continued
potential pts/parms Digits found Height Notes
1/r2 [46,24] 27877 N 420
1/r2 [48,18] 1021 N 60
1/r2 [49,32] 28378 N 420
1/r2 [50,4] 50014 N 360
1/r2 [51,16] 50014 N 360
1/r2 [52,34] 20653 N 360
1/r2 [53,27] 1001 N 60
1/r2 [57,18] 50014 N 360
1/r2 [60,30] 39118 N 420
1/r2 [62,18] 1001 N 60
1/r2 [63,20] 50014 N 360
There are 33 logarithmic point sets, 41 1/r point sets, and 35 1/r2 point sets available.
These 109 point sets are saved to the GP-Pari file format as a vector of parameters (basically ASCII).
They are available for future work upon request to the correspondence author.
80 point sets are 50,014 digits in size for 983 parameters. However some computational problems
were encountered and the full desired precision was not reached for the following 29 point sets with 639
parameters:
Spherical codes sets with reduced precision due to computation problems –
Table 95. Spherical code sets with lessened precision
potential pts/parms Digits found Height Notes
Logarithmic Potential
log [24,9] 22579 N 360
log [31,18] 6049 N 420
log [37,6] 10018 N 420
log [46,24] 37106 N 420
log [48,18] 1021 N 60
log [49,32] 48299 N 420
log [52,34] 6762 N 360
log [53,27] 1001 N 60
log [60,30] 32829 N 420
log [62,18] 1001 N 60
Coulomb 1/r Potential
1/r [24,9] 25816 N 360
1/r [31,18] 6049 N 420
1/r [37,6] 10018 N 420
1/r [46,24] 37279 N 420
1/r [48,18] 1021 N 60
1/r [49,32] 28205 N 420
1/r [52,34] 9921 N 360
1/r [53,27] 1001 N 60
1/r [60,30] 45024 N 420
1/r [62,36] 1001 N 60
Inverse Square Law 1/r2 Potential
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Table 95 – Spherical code sets with lessened precision – continued
potential pts/parms Digits found Height Notes
1/r2 [31,18] 6049 N 420
1/r2 [37,6] 10018 N 420
1/r2 [46,24] 27877 N 420
1/r2 [48,18] 1021 N 60
1/r2 [49,32] 28378 N 420
1/r2 [52,34] 20653 N 360
1/r2 [53,27] 1001 N 60
1/r2 [60,30] 39118 N 420
1/r2 [62,36] 1001 N 60
12. Future Work
There is more work which could be done in finding the algebraic spherical codes. The following 2
points are parameterizable:
Table 96. Algebraic Spherical Codes – Unknown
points 47 58
There are 6 unknown spherical codes in these two points. 47 points requires about 47 parameters,
and 58 points requires 84 parameters. This was too much for the limited computer resources of the
correspondence author, so the parameterization was not done for these two point sets.
Additionally there are 11 point sets which cannot be parameterized by a polygon constraint, they
have to be optimized by a direct Jacobian method utilizing 2 parameters per point.
Table 97. Algebraic Spherical Codes – Direct Search
points 26 29 † 35 36 54 55 56 59 61 64
65
There are 31 unknown spherical codes in these 11 points. Each spherical code has to be found by
using a Jacobian of 2n parameters where n is the point size. †The logarithmic potential for 29 points
cannot be parameterized, and has to use all 58 variables to successfully constrain the configuration.
It is hoped that someone might be motivated to possibly use a direct Jacobian on these point sets in
hopes of obtaining the spherical codes and possibly algebraic polynomials for the points directly.
13. Final Comments
Having spent 9 months arduously working with the spherical codes to high precision of 50,014 digits,
and watching the behavior of the percolating anneal and descent.3d algorithms, and looking at the
solutions, the following comments seem necessary by the correspondence author.
Some things observed and noted –
• The pair nature of point distances implies O n(n−1)2 behavior for determining the Jacobian matrix
and using Newton’s method, rapidly straining computer resources.
• The energy polynomials inherit the same O n(n−1)2 behavior, rapidly increasing the size of the
polynomial degree to be found. The exception seemed to have occurred with the logarithmic
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potential, but the huge coefficients of those polynomials makes it difficult to determine a small
number of digits for the actual value.
• Apparently obtaining the exact spherical codes for point sets > 50 will soon be intractable
due to the very large memory needed to process the enormous multi-precision decimal numbers
involved. This is the main lesson here.
• It is very easy to make manual errors when typesetting polynomials with large coefficients and
1,000+ digit numbers to text. Some type of application working with TeX and high precision
numbers is needed for the enormous polynomials involved.
• Creating the Hessian matrix for larger point sets will soon become problematic, due to the strain
on symbolic algebra computer memory resources.
• There is a very remote possibility that one configuration might only be a local minimum, not
global, but particular attention was paid to avoid this problem, and 2 algorithms were used as
a double check on this. The Hessian matrix was used as the third and final check. The energy
values obtained matched those of Ridgway & Cheviakov[4] to the 9 digits listed
precision for all 3 potentials.
• Some problems with both Maxima and GP-Pari were encountered when working with matrices
of megabyte size. The inverse Gauss routine to invert the matrix for finding the linear algebra
solution ran into trouble on several point sets which has known points and the GP-Pari program
faulted.
• Due to the triple checks, it is putative that the global minimum spherical codes
have been located for all 195 point sets, with 49 algebraic number sets resolved, and
106 other algebraic number sets to be discovered from their 50,014 digit spherical
codes.
In summary –
The O n(n−1)2 behavior of point distances spells trouble for determining the exact algebraic
characteristic polynomial for point sets > 50 and will soon become intractable.
This paper is partially presented as a challenge to improve the current algebraic polynomial
mathematics toolset, although GP-Pari does a very admirable job. The 1622 parameters need
their algebraic polynomials resolved.
Finally, the discovered 195 spherical codes and 49 algebraic numbers are presented as a
starting answer to Problem #7 of Steve Smale[34], for the first 65 n−points configurations on
the S2 sphere under 3 potentials or force laws.
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15. Appendix
The following electronic media files are provided as zipped files in the addendum. The format
is GP-Pari which is basically ASCII format.
These high precision spherical codes are accurate to the last suffix on the file name, either 77
digits for the logarithmic potential or 38 digits for the Coulomb 1/r and Inverse Square 1/r2
potentials. 2 guard digits are offered for the spherical codes for accuracy.
NOTE: It must be mentioned again that the Coulomb 1/r values are initially taken from Neil
J.A. Sloane’s ”Spherical codes for minimal energy” database[60], and improved from 12 digits
accuracy to 38 digits accuracy, thus extending the precision of his points. Special care has been
taken to keep the order of the points, exactly as in his tables.
The Logarithmic and Inverse Square 1/r2 potentials used Sloane’s 3d points as an initiating
value, so the isometries are kept identical for all 3 potentials.
High Precision Spherical Codes –
Table 98. High Precision coordinate point sets
pts logarithmic Coulomb Inverse Square
0 r1.3.0.normal.80 r1.3.0.40 r2.3.0.40
1 r1.3.1.normal.80 r1.3.1.40 r2.3.1.40
2 r1.3.2.normal.80 r1.3.2.40 r2.3.2.40
3 r1.3.3.normal.80 r1.3.3.40 r2.3.3.40
4 r1.3.4.normal.80 r1.3.4.40 r2.3.4.40
5 r1.3.5.normal.80 r1.3.5.40 r2.3.5.40
6 r1.3.6.normal.80 r1.3.6.40 r2.3.6.40
7 r1.3.7.normal.80 r1.3.7.40 r2.3.7.40
8 r1.3.8.normal.80 r1.3.8.40 r2.3.8.40
9 r1.3.9.normal.80 r1.3.9.40 r2.3.9.40
10 r1.3.10.normal.80 r1.3.10.40 r2.3.10.40
11 r1.3.11.normal.80 r1.3.11.40 r2.3.11.40
12 r1.3.12.normal.80 r1.3.12.40 r2.3.12.40
13 r1.3.13.normal.80 r1.3.13.40 r2.3.13.40
14 r1.3.14.normal.80 r1.3.14.40 r2.3.14.40
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Table 98 – High Precision coordinates – continued
pts logarithmic Coulomb Inverse Square
15 r1.3.15.normal.80 r1.3.15.40 r2.3.15.40
16 r1.3.16.normal.80 r1.3.16.40 r2.3.16.40
17 r1.3.17.normal.80 r1.3.17.40 r2.3.17.40
18 r1.3.18.normal.80 r1.3.18.40 r2.3.18.40
19 r1.3.19.normal.80 r1.3.19.40 r2.3.19.40
20 r1.3.20.normal.80 r1.3.20.40 r2.3.20.40
21 r1.3.21.normal.80 r1.3.21.40 r2.3.21.40
22 r1.3.22.normal.80 r1.3.22.40 r2.3.22.40
23 r1.3.23.normal.80 r1.3.23.40 r2.3.23.40
24 r1.3.24.normal.80 r1.3.24.40 r2.3.24.40
25 r1.3.25.normal.80 r1.3.25.40 r2.3.25.40
26 r1.3.26.normal.80 r1.3.26.40 r2.3.26.40
27 r1.3.27.normal.80 r1.3.27.40 r2.3.27.40
28 r1.3.28.normal.80 r1.3.28.40 r2.3.28.40
29 r1.3.29.normal.80 r1.3.29.40 r2.3.29.40
30 r1.3.30.normal.80 r1.3.30.40 r2.3.30.40
31 r1.3.31.normal.80 r1.3.31.40 r2.3.31.40
32 r1.3.32.normal.80 r1.3.32.40 r2.3.32.40
33 r1.3.33.normal.80 r1.3.33.40 r2.3.33.40
34 r1.3.34.normal.80 r1.3.34.40 r2.3.34.40
35 r1.3.35.normal.80 r1.3.35.40 r2.3.35.40
36 r1.3.36.normal.80 r1.3.36.40 r2.3.36.40
37 r1.3.37.normal.80 r1.3.37.40 r2.3.37.40
38 r1.3.38.normal.80 r1.3.38.40 r2.3.38.40
39 r1.3.39.normal.80 r1.3.39.40 r2.3.39.40
40 r1.3.40.normal.80 r1.3.40.40 r2.3.40.40
41 r1.3.41.normal.80 r1.3.41.40 r2.3.41.40
42 r1.3.42.normal.80 r1.3.42.40 r2.3.42.40
43 r1.3.43.normal.80 r1.3.43.40 r2.3.43.40
44 r1.3.44.normal.80 r1.3.44.40 r2.3.44.40
45 r1.3.45.normal.80 r1.3.45.40 r2.3.45.40
46 r1.3.46.normal.80 r1.3.46.40 r2.3.46.40
47 r1.3.47.normal.80 r1.3.47.40 r2.3.47.40
48 r1.3.48.normal.80 r1.3.48.40 r2.3.48.40
49 r1.3.49.normal.80 r1.3.49.40 r2.3.49.40
50 r1.3.50.normal.80 r1.3.50.40 r2.3.50.40
51 r1.3.51.normal.80 r1.3.51.40 r2.3.51.40
52 r1.3.52.normal.80 r1.3.52.40 r2.3.52.40
53 r1.3.53.normal.80 r1.3.53.40 r2.3.53.40
54 r1.3.54.normal.80 r1.3.54.40 r2.3.54.40
55 r1.3.55.normal.80 r1.3.55.40 r2.3.55.40
56 r1.3.56.normal.80 r1.3.56.40 r2.3.56.40
57 r1.3.57.normal.80 r1.3.57.40 r2.3.57.40
58 r1.3.58.normal.80 r1.3.58.40 r2.3.58.40
59 r1.3.59.normal.80 r1.3.59.40 r2.3.59.40
60 r1.3.60.normal.80 r1.3.60.40 r2.3.60.40
61 r1.3.61.normal.80 r1.3.61.40 r2.3.61.40
62 r1.3.62.normal.80 r1.3.62.40 r2.3.62.40
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Table 98 – High Precision coordinates – continued
pts logarithmic Coulomb Inverse Square
63 r1.3.63.normal.80 r1.3.63.40 r2.3.63.40
64 r1.3.64.normal.80 r1.3.64.40 r2.3.64.40
65 r1.3.65.normal.80 r1.3.65.40 r2.3.65.40
Algebraic Polynomial or Parameterized Spherical Codes –
The 51 algebraic algorithms in GP-Pari code listed below are available also, upon request
to the correspondence author, but nearly all require its corresponding parameter file, for full
accuracy. The parameter files are large, since they hold variables of size 50,014 digits. The
largest holds 34 parameters, so these files can be over 1.7 Megabytes in size.
Table 99. Algebraic Solution sets
pts Logarithmic Coulomb Inverse Square
0 r1.3.0.normal.alg r1.3.0.alg r2.3.0.alg
1 r1.3.1.normal.alg r1.3.1.alg r2.3.1.alg
2 r1.3.2.normal.alg r1.3.2.alg r2.3.2.alg
3 r1.3.3.normal.alg r1.3.3.alg r2.3.3.alg
4 r1.3.4.normal.alg r1.3.4.alg r2.3.4.alg
5 r1.3.5.normal.alg r1.3.5.alg r2.3.5.alg
6 r1.3.6.normal.alg r1.3.6.alg r2.3.6.alg
7 r1.3.7.normal.alg r1.3.7.alg r2.3.7.alg
8 r1.3.8.normal.alg r1.3.8.alg r2.3.8.alg
9 r1.3.9.normal.alg r1.3.9.alg r2.3.9.alg
10 r1.3.10.normal.alg r1.3.10.alg r2.3.10.alg
11 r1.3.11.normal.alg r1.3.11.alg r2.3.11.alg
12 r1.3.12.normal.alg r1.3.12.alg r2.3.12.alg
13 r1.3.13.normal.alg r1.3.13.alg r2.3.13.alg
14 r1.3.14.normal.alg r1.3.14.alg r2.3.14.alg
15 r1.3.15.normal.alg r1.3.15.alg r2.3.15.alg
16 r1.3.16.normal.alg r1.3.16.alg r2.3.16.alg
17 r1.3.17.normal.alg r1.3.17.alg r2.3.17.alg
18 r1.3.18.normal.alg r1.3.18.alg r2.3.18.alg
19 r1.3.19.normal.alg r1.3.19.alg (not applicable)
20 r1.3.20.normal.alg r1.3.20.alg r2.3.20.alg
21 r1.3.21.normal.alg r1.3.21.alg r2.3.21.alg
22 r1.3.22.normal.alg r1.3.22.alg r2.3.22.alg
23 r1.3.23.normal.alg r1.3.23.alg r2.3.23.alg
24 r1.3.24.normal.alg r1.3.24.alg r2.3.24.alg
25 r1.3.25.normla.alg r1.3.25.alg r2.3.25.alg
27 r1.3.27.normal.alg r1.3.27.alg r2.3.27.alg
28 r1.3.28.normal.alg r1.3.28.alg r2.3.28.alg
30 r1.3.30.normal.alg r1.3.30.alg r2.3.30.alg
31 r1.3.31.normal.alg r1.3.31.alg r2.3.31.alg
32 r1.3.32.normal.alg r1.3.32.alg r2.3.32.alg
33 r1.3.33.normal.alg r1.3.33.alg r2.3.33.alg
34 r1.3.34.normal.alg r1.3.34.alg r2.3.34.alg
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Table 99 – Algebraic solution sets – continued
pts Logarithmic Coulomb Inverse Square
37 r1.3.37.normal.alg r1.3.37.alg r2.3.37.alg
38 r1.3.38.normal.alg r1.3.38.alg r2.3.38.alg
39 r1.3.39.normal.alg r1.3.39.alg r2.3.39.alg
40 r1.3.40.normal.alg r1.3.40.alg r2.3.40.alg
41 r1.3.41.normal.alg r1.3.41.alg r2.3.41.alg
42 r1.3.42.normal.alg r1.3.42.alg r2.3.42.alg
43 r1.3.43.normal.alg r1.3.43.alg r2.3.43.alg
44 r1.3.44.normal.alg r1.3.44.alg r2.3.44.alg
45 r1.3.45.normal.alg r1.3.45.alg r2.3.45.alg
46 r1.3.46.normal.alg r1.3.46.alg r2.3.46.alg
48 r1.3.48.normal.alg r1.3.48.alg r2.3.48.alg
49 r1.3.49.normal.alg r1.3.49.alg r2.3.49.alg
50 r1.3.50.normal.alg r1.3.50.alg r2.3.50.alg
51 r1.3.51.normal.alg r1.3.51.alg r2.3.51.alg
52 r1.3.52.normal.alg r1.3.52.alg r2.3.52.alg
53 r1.3.53.normal.alg r1.3.53.alg r2.3.53.alg
57 r1.3.57.normal.alg r1.3.57.alg r2.3.57.alg
63 r1.3.63.normal.alg r1.3.63.alg r2.3.63.alg
Additionally, serious inquiries into the GP-Pari and Maxima code for finding the algebraic
solutions, or discussions about the algorithms is welcomed. Please contact the correspondence
author Randall L. Rathbun at the email address listed at the end of this paper.
– Randall L. Rathbun
correspondence author
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